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We develop here a new class of stochastic models of gene evolution in which the mutations
are chaotic, i.e. a random subset of the 64 possible trinucleotides mutates at each evolutionary
time t according to some substitution probabilities. Therefore, at each time t, the numbers and
the types of mutable trinucleotides are unknown. Thus, the mutation matrix changes at each
time t. The chaotic model developed generalizes the standard model in which all the trinucleotides
mutate at each time t. It determines the occurrence probabilities at time t of trinucleotides
which chaotically mutate according to three substitution parameters associated with the three
trinucleotide sites. Two theorems prove that this chaotic model has a probability vector at each time t
and that it converges to a uniform probability vector identical to that of the standard model.
Furthermore, four applications of this chaotic model (with a uniform random strategy for the 64
trinucleotides and with a particular strategy for the three stop codons) allow an evolutionary study of
the three circular codes identiﬁed in both eukaryotic and prokaryotic genes. A circular code is a
particular set of trinucleotides whose main property is the retrieval of the frames in genes locally,
i.e. anywhere in genes and particularly without start codons, and automatically with a window of a few
nucleotides. After a certain evolutionary time and with particular values for the three substitution
parameters, the chaotic models retrieve the main statistical properties of the three circular codes
observed in genes. These applications also allow an evolutionary comparison between the standard
and chaotic models.
& 2008 Elsevier Ltd. All rights reserved.
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1. Introduction
Models of gene evolution were initially developed on the basis
of nucleotide information. The ﬁrst model with one substitution
parameter (substitutions a: all types) was proposed by Jukes and
Cantor (1969) and generalized to two parameters (transitions
a: A !G and C !T and transversions b: A !C, A !T, C !G
and G !T) (Kimura, 1980), three parameters (transitions
a: A !G and C !T, transversions b: A !T and C !G and
transversions g: A !C and G !T) (Kimura, 1981), ﬁve parameters (transitions a: A!G and T!C, transitions b: G!A and
C!T, transversions g: A !T and C !G, transversions d: A!C
and T!G and transversions : C!A and G!T) (Takahata and
Kimura, 1981) and six parameters (a: A!C, A!G, T!C and
T!G, a1 : A!T, a2 : C!G, b: C!A, C!T, G!A and G!T,
b1 : T!A and b2 : G!C) (Kimura, 1981). DNA sequencing has
revealed that the structure of the different genome regions are
based on a variety of motifs of different sizes: dinucleotides,

 Corresponding author. Tel.: +33 3 90 24 44 62.

E-mail addresses: jacques.bahi@univ-fcomte.fr (J.M. Bahi),
michel@dpt-info.u-strasbg.fr (C.J. Michel).
1
Tel.: +33 3 84 58 77 94.
0022-5193/$ - see front matter & 2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.jtbi.2008.07.028

trinucleotides, oligonucleotides, either on a 2-letter alphabet,
e.g. the purine/pyrimidine alphabet, or on the classical 4-letter
alphabet. In order to study their evolutionary properties, nucleotide evolution models have been extended to motif evolution
models, particularly to those of trinucleotides (Arquès and Michel,
1993) and dinucleotides (Arquès and Michel, 1995). The variety
and the complexity of these motif models have then increased
regularly. For example, with dinucleotide evolution models, a
computer simulation approach (construction of simulated genes
and then application of random mutations) has been proposed
by Fryxell and Zuckerkandl (2000) while a discrete version with
time steps Dt=L where Dt is the time increment and L, the length
of the sequence, has been developed in Arndt et al. (2002).
For phylogenetic inference, trinucleotide and site evolution
models have been developed, e.g. a model with a 61  61
mutation matrix based on numerical solutions (Goldman and
Yang, 1994) and its extensions to the non-synonymous/
synonymous substitution rate ratio (Yang et al., 2000; Yang
and Swanson, 2002), a covarion-style model with a switch site
process governed by a 2-state continuous-time Markov process
(‘‘on’’, ‘‘off’’) and an observable process governed be a second
stationary and time-reversible Markov process based on a
rate matrix (Tufﬂey and Steel, 1998), a gamma distribution
model of site rate variation (Yang, 1994) and an extension to a
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‘‘rate variation rate’’ with the constraint of being constant over
sites and in time (Galtier, 2001).
The stochastic evolution models studied here allow the
determination of the occurrence probabilities at time t
of a set of trinucleotides which randomly mutates according
to different types of substitutions in the trinucleotide sites.
This trinucleotide set can obviously be reduced to only one
trinucleotide.
In the standard stochastic evolution model, the mutation
matrix is constant in time, i.e. the matrix at initial time t 0 is
the same at any time t. Zero elements and non-zero elements in
this matrix are always in the same positions. Furthermore,
non-zero elements in this matrix, called substitution parameters
or substitution probabilities, can be either constant or timedependent. The most general analytical evolution model with
constant parameters recently published is based on a 64  64
trinucleotide mutation matrix with nine substitution parameters
associated with the three types of substitutions in the three
trinucleotide sites (Michel, 2007). It generalizes the models based
on the 4  4 nucleotide mutation matrices, particularly (Jukes and
Cantor, 1969; Kimura, 1980, 1981; Takahata and Kimura, 1981),
and the 64  64 trinucleotide mutation matrices with three and
six substitution parameters (Arquès et al., 1998; Frey and Michel,
2006). Evolution models with time-dependent parameters were
recently proposed to extend the constant models (Bahi and
Michel, 2004).
We here develop a new class of stochastic models of gene
evolution with chaotic mutations. In this chaotic model, a random
subset of the 64 possible trinucleotides mutates at each evolutionary time t according to some substitution probabilities while
the other trinucleotides do not mutate. Thus, the mutation matrix
changes in time. This chaotic model generalizes the standard one.
It differs from the previous ones such as the covarion-style model
(Tufﬂey and Steel, 1998) in which the sites have a chaotic
evolution modelled by two Markov processes, by the fact that in
our approach the motifs have a chaotic evolution modelled by one
Markov process. As the chaotic model is a more general process of
evolution compared to the other modes of evolution, it is
mathematically interesting to study it as such. Otherwise, in
genes, there are trinucleotides which do not mutate at each
evolutionary time. For example, the degeneracy of the genetic
code allows several codons to code the same amino acid. This
codon usage bias (Grantham et al., 1980) is generally correlated
with gene expressivity (Grantham et al., 1981; Ikemura, 1985;
Sharp and Matassi, 1994), even if its strength varies among
bacterial species (Sharp et al., 2005). A proposed explanation is
that codon usage reﬂects the variations in the concentrations of
tRNAs. Major codons encoded by more abundant tRNAs should
increase translational efﬁcacy (Bulmer, 1991; Akashi and EyreWalker, 1998). Nevertheless, tRNA abundance could also have
evolved for matching codon pattern in a genome (Fedorov et al.,
2002) and then would rather be a consequence of the synonymous
codon bias. Several other processes may inﬂuence codon usage
(see the review in Ermolaeva, 2001). The extreme case could be
the stop codons which mutate rarely, perhaps even never.
Therefore, codon usage bias could also be studied by evolution
models with codon substitution probabilities which remain
constant in time (classical approach) or which are chaotic, i.e.
for a certain period of time, a set of codons mutates, then in
another period of time, another set of codons mutates. This
chaotic process can be based on random or particular strategies.
Two types of results are presented in this paper:
(i) A mathematical model of gene evolution with chaotic
mutations is developed and two theorems prove that it leads
to a probability vector at each time t and that it converges to a

uniform probability vector identical to that of the standard
model (Section 2).
(ii) Four applications of this chaotic model (with a uniform
random strategy for the 64 trinucleotides and with a
particular strategy for the three stop codons) to the evolution
of the three circular codes identiﬁed in both eukaryotic and
prokaryotic genes allow the retrieval of their main statistical
properties. Furthermore, they also allow an evolutionary
comparison between the standard and chaotic models
(Section 3).

2. Mathematical model
The mathematical model will determine the occurrence
probabilities PðtÞ at time t of the 64 trinucleotides T ¼
fAAA; . . . ; TTTg which chaotically mutate according to three
substitution probabilities p, q and r associated with the three
trinucleotide sites, respectively.
By convention, the indices i; j 2 f1; . . . ; 64g represent the 64
trinucleotides T in alphabetical order. Let P i ðtÞ be the occurrence
probability at time t of a trinucleotide i. At time t þ Dt, the
occurrence probability of the trinucleotide i is P i ðt þ DtÞ so that
Pi ðt þ DtÞ  Pi ðtÞ represents the probabilities of trinucleotides i
which appear and disappear during the time interval Dt
Pi ðt þ DtÞ  Pi ðtÞ ¼ aDt

64
X

Pðj ! iÞPj ðtÞ  aDtPi ðtÞ,

j¼1

where a is the probability that a trinucleotide is subjected to one
substitution during Dt and where Pðj ! iÞ is the probability of the
substitution of a trinucleotide j into a trinucleotide i. The
probability Pðj ! iÞ is equal to 0 if the substitution is impossible
(j and i differ by more than one nucleotide because Dt is assumed
to be small enough that a trinucleotide cannot mutate twice in a
row during Dt) otherwise it is given as a function of the
three substitution rates p, q and r. For example, with the
trinucleotide AAA associated with i ¼ 1, PðCAA ! AAAÞ ¼
PðGAA ! AAAÞ ¼ PðTAA ! AAAÞ ¼ p=3, PðACA ! AAAÞ ¼ PðAGA !
AAAÞ ¼ PðATA ! AAAÞ ¼ q=3,
PðAAC ! AAAÞ ¼ PðAAG ! AAAÞ ¼
PðAAT ! AAAÞ ¼ r=3 and Pðj ! AAAÞ ¼ 0 with jefAAC; AAG; AAT;
ACA; AGA; ATA; CAA; GAA; TAAg.
By rescaling time, we can assume that a ¼ 1, i.e. there is an
average one substitution per trinucleotide per time interval. Then,
Pi ðt þ DtÞ  Pi ðtÞ ¼ Dt

64
X

Pðj ! iÞP j ðtÞ  DtP i ðtÞ.

(2.1)

j¼1

Formula (2.1) leads to
64
X
Pi ðt þ DtÞ  Pi ðtÞ
¼ P0i ðtÞ ¼
Pðj ! iÞPj ðtÞ  Pi ðtÞ.
Dt
Dt!0
j¼1

lim

(2.2)

By considering the column vector PðtÞ ¼ ½Pi ðtÞ1pip64 made of
the 64 P i ðtÞ and the mutation matrix A ð64; 64Þ of the 4096
trinucleotide substitution probabilities, i.e. Aij ¼ Pði ! jÞ, differential equation (2.2) can be represented by the following matrix
equation:
P0 ðtÞ ¼ APðtÞ  PðtÞ ¼ ðA  IÞPðtÞ,

(2.3)

where I represents the identity matrix, or similarly by
8i 2 f1; . . . ; 64g;

8tX0;

P0i ðtÞ ¼

64
X
ðA  IÞij Pj ðtÞ.

(2.4)

j¼1

The mutation matrix A ð64; 64Þ can be deﬁned by a square
block matrix ð4; 4Þ whose four diagonal elements are formed
by four identical square submatrices B ð16; 16Þ and whose
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12 non-diagonal elements are formed by 12 identical square
submatrices ðp=3ÞI ð16; 16Þ

The index ranges f1; . . . ; 16g, f17; . . . ; 32g, f33; . . . ; 48g and
f49; . . . ; 64g are associated with the trinucleotides fAAA; . . . ; ATTg,
fCAA; . . . ; CTTg, fGAA; . . . ; GTTg and fTAA; . . . ; TTTg, respectively. The
square submatrix Bð16; 16Þ can again be deﬁned by a square
block matrix ð4; 4Þ whose four diagonal elements are formed by
four identical square submatrices Cð4; 4Þ and whose 12 nondiagonal elements are formed by 12 identical square submatrices
ðq=3ÞI ð4; 4Þ
0
1
C
ðq=3ÞI ðq=3ÞI ðq=3ÞI
B
C
C
ðq=3ÞI ðq=3ÞI C
B ðq=3ÞI
C.
B¼B
B ðq=3ÞI ðq=3ÞI
C
ðq=3ÞI C
@
A
ðq=3ÞI ðq=3ÞI ðq=3ÞI
C
Finally, the
0
0
B
B r=3
C¼B
B r=3
@
r=3

square submatrix Cð4; 4Þ is equal to
1
r=3 r=3 r=3
C
0
r=3 r=3 C
C.
r=3
0
r=3 C
A
r=3 r=3
0

Matrix A is stochastic when p þ q þ r ¼ 1. This block matrix
property of the mutation matrix A is important, particularly to
determine the eigenvalues in the standard model or for a parallel
computing of eigenelements.
2.1. Standard stochastic evolution model (SM)
In the standard stochastic evolution model SM, analytical
solutions can be derived.
The differential equation (2.3) can then be written in the
following form:
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(a substitution from one pyrimidine fC; Tg to the other) in the three
sites, respectively; b, e and h associated with the probabilities of
transversions (a substitution from a purine to a pyrimidine, or
reciprocally) A !T and C !G in the three sites, respectively; c, f
and k associated with the probabilities of transversions A !C and
G !T in the three sites, respectively. Indeed, the three parameter
model is a particular case of the nine parameter model with
a ¼ b ¼ c ¼ p=3, d ¼ e ¼ f ¼ q=3 and g ¼ h ¼ k ¼ r=3. We refer to
Michel (2007), particularly for the determination of the eigenvalues
of matrices A and M as a function of the nine parameters and their
eigenvectors which can be expressed in a form which does not
dependent on these nine parameters.
Formula (2.5) with the 64 initial trinucleotide probabilities
Pj ð0Þ before the substitution process (t ¼ 0), the diagonal matrix
eDt of exponential eigenvalues elk t of M, its eigenvector matrix Q
and its inverse Q 1 will determine the 64 trinucleotide probabilities P i ðtÞ after t substitutions as a function of the three
substitution parameters p, q and r (Section 3.2.2).
2.2. Continuous time chaotic evolution model
The new chaotic stochastic evolution model will generalize the
standard model to a random subset of the 64 possible trinucleotides which chaotically mutate at each evolutionary time t
according to some probabilities. Therefore, the numbers and the
types of mutable trinucleotides at each time t are unknown. In
addition, the randomly conserved subset of trinucleotides is
conserved not only in the sense that they do not mutate, but also
in the sense that they cannot be generated through mutations. We
assume that in our standard continuous model some trinucleotides
which do not belong to a random subset JðtÞ, do not mutate. So
their probabilities Pi ðtÞ are constant, thus leading to P 0i ðtÞ ¼ 0.
Therefore, the continuous time chaotic evolution model is
described by the following system: for any arbitrary time T and
for all t 2 ½0; T,
8 0
P ðtÞ ¼ 0
if ieJðtÞ;
>
< i
64
P
(2.6)
0
>
: P i ðtÞ ¼ ðA  IÞij Pj ðtÞ if i 2 JðtÞ:
j¼1

P 0 ðtÞ ¼ MPðtÞ
2.3. Discrete time chaotic evolution model (CM)

with
M ¼ A  I.
As the three substitution parameters are real, matrix A is real. It is
also symmetric by construction. Therefore, matrix M is also real
and symmetric. There exist an eigenvector matrix Q and a
diagonal matrix D of eigenvalues lk of M ordered in the same
way as the eigenvector columns in Q so that M ¼ QDQ 1 . Then
P 0 ðtÞ ¼ QDQ 1 PðtÞ.
This equation has the classical solution (see e.g. Lange, 2005)
PðtÞ ¼ Q eDt Q 1 Pð0Þ,

(2.5)

where eDt is the diagonal matrix of exponential eigenvalues elk t
and Pð0Þ, the given initial probability vector.
The evolutionary analytical formulas PðtÞ of the 64 trinucleotides T as a function of the three substitution parameters p, q and r
associated with the three trinucleotide sites, respectively, can be
deduced from the evolutionary analytical formulas PðtÞ of the 64
trinucleotides T as a function of the nine parameters a, b, c, d, e, f, g,
h and k associated with the three types of substitutions in the three
trinucleotide sites (Michel, 2007). These nine parameters are a, d
and g associated with the probabilities of transitions A !G
(a substitution from one purine fA; Gg to the other) and C !T

Let us discretize the time interval ½0; T as follows:
0 ¼ t 0 ot 1 o    ot k ¼ T. For the sake of simplicity, we will suppose
that t iþ1  t i ¼ h, where h is a constant real value. We denote by
Pi ðt k Þ the probability at the time step t k of the trinucleotide i. We
denote by JðkÞ  f1; . . . ; 64g the set of trinucleotide indices mutating at t k . If the trinucleotide ieJðkÞ then i does not mutate at t k and i
is called ‘‘non-mutable trinucleotide’’. If the trinucleotide i 2 JðkÞ
then i mutates at t k and i is called ‘‘mutable trinucleotide’’. The JðkÞ
parameter randomly chooses a subset of trinucleotides at each time
step t k according to a uniform distribution, i.e. the numbers and
the types of mutable trinucleotides randomly vary at each t k . The
mutation matrix changes at each time step t k according to the
trinucleotides which mutate or not. We denote by AðkÞ the mutation
matrix at the time step t k . In order to obtain the discrete analogue
of the chaotic continuous model (2.6), we will use the explicit
Euler approximation of the derivative, i.e. dPi ðt k Þ=dt ¼ ðP i ðt k Þ 
Pi ðt k1 ÞÞ=h with a sufﬁciently small time step h. Then, we obtain the
following model:
8
P ðt Þ ¼ Pi ðt k1 Þ
>
< i k
64
P
ðkÞ
>
: P i ðt k Þ ¼ h j¼1ðA  IÞij P j ðt k1 Þ þ P i ðt k1 Þ

if ieJðkÞ;
if i 2 JðkÞ:

(2.7)
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This model, which we call the discrete time chaotic evolution
model CM, is a discrete version of the continuous chaotic one (2.6).
Remark 1. It should be noticed that the continuous chaotic model
is a generalization of the standard model. Indeed, we only have to
suppose that at each time t all the trinucleotides mutate. This is
achieved in the discrete chaotic model by taking JðkÞ ¼ f1; . . . ; 64g
for all k.
Remark 2. In contrast to the standard model, the continuous
chaotic model has no analytical solution. The discrete chaotic
model gives a discrete solution to the continuous chaotic model
by taking a sufﬁciently small h.
2.3.1. Mutation matrix properties
A mutation matrix A with Aii ¼ 0 (zero elements on the
main diagonal) implies that the probability that the trinucleotide i does not mutate is equal to 0, i.e. the trinucleotide i
cannot be conserved and always mutates according to some
substitution probabilities Aij , jai. A mutation matrix A with
Aii a0 (non-zero elements on the main diagonal) implies
that the probability that the trinucleotide i does not mutate is
not null and can be conserved according to the substitution
probability Aii.
The chaotic model CM leads to some new properties with the
mutation matrix A compared to the classical standard models. For
any time step t k in the model CM, the mutation matrix AðkÞ is
P64
ðkÞ
stochastic and symmetric and AðkÞ
j¼1;jai Aij . The probaii ¼ 1 
bility that a trinucleotide i does not mutate at a step t k is not null.
In addition, it varies according to the trinucleotides which do not
mutate at the step t k . Thus, matrix AðkÞ changes at each step t k . The
two laws below explain why the stochasticity and the symmetry
of matrix AðkÞ are preserved in time with both mutable and nonmutable trinucleotides.
(i) Matrix conservation law for non-mutable trinucleotides. The
probability of a non-mutable trinucleotide i is identical at the
steps t k1 and t k , i.e. Pi ðt k Þ ¼ Pi ðt k1 Þ. As this trinucleotide i
cannot mutate into a trinucleotide jai then AðkÞ
ij ¼ 0, 8jai,
otherwise its probability Pi ðt k Þ would decrease, in contradiction to the conservation law. Similarly, no trinucleotide jai
can mutate into the trinucleotide i and AðkÞ
¼ 0, 8jai,
ji
otherwise its probability Pi ðt k Þ would increase, in contradiction to the conservation law. Then, AðkÞ
¼ AðkÞ
¼ 0, 8jai and
ij
ji
ðkÞ
Aii ¼ 1, i.e. the line i and the column i in the matrix AðkÞ
associated with a non-mutable trinucleotide i are equal to 0
except their ith diagonal element which is equal to 1.
Furthermore, this matrix conservation law keeps the symmetry of matrix AðkÞ for a non-mutable trinucleotide. Finally, this
property can obviously be extended to a set JðkÞ of nonmutable trinucleotides at a step t k , JðkÞ being the complement
of the set JðkÞ of mutable trinucleotides at t k .
(ii) Matrix conservation law for mutable trinucleotides. As some
trinucleotides do not mutate at a step t k , for each mutable
trinucleotide i, the probability that it does not mutate is
P
ðkÞ
corrected to AðkÞ
¼ 1  64
j¼1;jai Aij . This last equality leads to a
ii
stochastic matrix AðkÞ . Furthermore, as only the diagonal
elements are corrected and as the non-mutable elements are
set to a probability equal to 0, matrix AðkÞ is also symmetric.
The symmetry of the mutation matrix AðkÞ with the mutable
trinucleotides implies that the trinucleotide probabilities are
all equal in the limiting distribution. This assumption is found
in the standard models of Jukes and Cantor (1969), Kimura
(1980, 1981), Takahata and Kimura (1981), Arquès et al.
(1998), Frey and Michel (2006), Michel (2007), etc. Standard
models analyzing non-uniform trinucleotide distributions do
not have this assumption, e.g. Dayhoff et al. (1978), Henikoff

and Henikoff (1992), Kelly and Churchill (1996), Thorne and
Goldman (2003).

2.3.2. Probability vector at each time step
Theorem 1. In the chaotic stochastic evolution model CM, Pðt k Þ is a
probability vector at each time step t k .
Proof. See Appendix A.
2.3.3. Convergence analysis
ðkÞ
Let us deﬁne matrix BðkÞ ¼ hA þ ð1  hÞI so that ðBðkÞ xÞi ¼
P64
ðkÞ
hð j¼1 ðA  IÞij xj Þ þ xi . Then, the chaotic model CM can be
written as follows: at a time step t k 2 R
Pðt k Þ ¼ BðkÞ Pðt k1 Þ.

(2.8)

This model CM can be associated with a sequence of undirected
connected graphs GðkÞ ¼ ðV ðkÞ ; EðkÞ Þ where V ðkÞ is the set of vertexes
and EðkÞ is the set of edges, EðkÞ  V ðkÞ  V ðkÞ . Each trinucleotide is a
vertex of the graph. Two trinucleotides i and j are connected by an
edge fi; jg 2 EðkÞ if and only if the probability Pðj ! iÞa0 at a time
step k. By deﬁnition, each vertex is labelled from 1 to jVj ¼ 64. Let
jEj be the number of mutation edges. In the sequel, we will call
GðkÞ , the mutation probability graph at the time step k.
As an example, Fig. 1 shows a ﬁxed mutation probability graph
G ¼ ðV; EÞ with jVj ¼ 4 trinucleotides, V ¼ f1; 2; 3; 4g, and jEj ¼ 3
mutation edges, E ¼ fð1; 2Þ; ð1; 3Þ; ð3; 4Þg.
It should be noticed that in this example the coefﬁcients Aij of
the mutation matrix A are supposed to be constant but in the
model CM, these elements change in time.
Condition 1. Inﬁnitely often, a trinucleotide mutates and the
mutation graphs are connected (i.e. the corresponding incidence
matrix is irreducible) and non-bipartite.
Remark 3. The condition above is equivalent to the following
one: there exists a subsequence fkp gk2N such that, at the time
steps kp , the connection graphs are connected and non-bipartite.
Theorem 2. Under Condition 1 and for all p; q; r 20; 1½, the chaotic
stochastic evolution model CM converges to the uniform probability
vector ð1=64; . . . ; 1=64ÞT.
Proof. see Appendix B.
Remark 4. Theorem 1 cannot be derived from the known result of
Wolfowitz (1963) on stochastic matrices. Indeed, in our model,
words (products of BðkÞ Þ do not have to be indecomposable and
aperiodic (SIA), i.e. in our framework, it is possible that
limn!1 W n does not exist for some words W.
Remark 5. It is possible to have non-uniform stationary probabilities if Condition 1 is not veriﬁed, i.e. a subset JðkÞ of
trinucleotides deﬁnitively stops mutating after a certain time step.

Fig. 1. A ﬁxed mutation probability graph.
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3. Applications of chaotic stochastic evolution models
to circular codes
3.1. Circular codes X 0 , X 1 and X 2 identiﬁed in eukaryotic and
prokaryotic genes
3.1.1. Identiﬁcation
Deﬁnition 1. By convention, the reading frame established by a
start codon belonging to Tstart ¼ fATG; GTG; TTGg is the frame 0,
and the frames 1 and 2 are the reading frame 0 shifted by 1 and 2
nucleotides in the 50 230 direction, respectively.
In 1996, a simple occurrence study of the 64 trinucleotides T in
the three frames of genes showed that the trinucleotides are not
uniformly distributed in these three frames. By excluding the
four trinucleotides with identical nucleotides Tid ¼ fAAA; CCC;
GGG; TTTg, the same three subsets X 0 , X 1 and X 2 of 20 trinucleotides are found in the frames 0, 1 and 2, respectively, of two large
and different gene populations (protein coding regions) of
eukaryotes (26 757 sequences, 11 397 678 trinucleotides) and
prokaryotes (13 686 sequences, 4 708 758 trinucleotides) (Arquès
and Michel, 1996). These three trinucleotide subsets are obviously
(law of large numbers) retrieved with the actual statistical studies
(results not shown). The subset X 0 of 20 trinucleotides in frame 0
is X 0 ¼ fAAC; AAT; ACC; ATC; ATT; CAG; CTC; CTG; GAA; GAC; GAG; GAT;
GCC; GGC; GGT; GTA; GTC; GTT; TAC; TTCg.
The subsets X 1 and X 2 of 20 trinucleotides are deduced from X 0
thanks to the permutation property.
Deﬁnition 2. The (left circular) permutation P of a trinucleotide
w0 ¼ l0 l1 l2 2 T is the permuted trinucleotide Pðw0 Þ ¼ w1 ¼ l1 l2 l0 ,
e.g. PðAACÞ ¼ ACA, and PðPðw0 ÞÞ ¼ Pðw1 Þ ¼ w2 ¼ l2 l0 l1 , e.g.
PðPðAACÞÞ ¼ CAA. This deﬁnition is naturally extended to the
trinucleotide set permutation: the permutation P of a set of
trinucleotides is the permuted trinucleotide set obtained by the
permutation P of all its trinucleotides.
Property 1. Permutation: PðX 0 Þ ¼ X 1 and PðPðX 0 ÞÞ ¼ X 2 (X 0
generates X 1 by one permutation and X 2 by another permutation).
These three trinucleotide subsets present several strong
biomathematical properties, particularly the fact that they are
circular codes.
Notation 1. A being a ﬁnite alphabet, A denotes the words over A
of ﬁnite length including the empty word  of length 0 and Aþ , the
words over A of ﬁnite length greater or equal to 1. Let w1 w2 be the
concatenation of the two words w1 and w2 .
Deﬁnition 3. A subset X of Aþ is a circular code if 8n; mX1 and
x1 ; x2 ; . . . ; xn ; y1 ; y2 ; . . . ; ym 2 X; and r 2 A , s 2 Aþ , the equalities
sx2 . . . xn r ¼ y1 y2 . . . ym and x1 ¼ rs imply n ¼ m, r ¼  and xi ¼ yi ,
1pipn.
A circular code allows the reading frames in genes to be
retrieved. It is a set of words over an alphabet such that any word
written on a circle (the next letter after the last letter of the word
being the ﬁrst letter) has a unique decomposition into words of
the circular code. As an example, let the set Y be composed of the
six following words: Y ¼ fAAT; ATG; CCT; CTA; GCC; GGCg and the
word w be a series of the nine following letters: w ¼ ATGGCCCTA.
The word w, written on a circle, can be factorized into words of Y
according to two different ways: ATG; GCC; CTA and AAT; GGC; CCT,
the commas showing the way of decomposition. Therefore, Y is
not a circular code (Fig. 2). In contrast, if the set Z obtained by
replacing the word GGC of Y by GTC is considered, i.e.
Z ¼ fAAT; ATG; CCT; CTA; GCC; GTCg, then there never exists an
ambiguous word with Z, particularly w is not ambiguous, and Z

Fig. 2. The set Y ¼ fAAT; ATG; CCT; CTA; GCC; GGCg is not a circular code as the word
w ¼ ATGGCCCTA, written on a circle, can be factorized into words of Y according to
two different ways: ATG; GCC; CTA and AAT; GGC; CCT.

is a circular code. The construction frame of a word generated by
any concatenation of words of a circular code can be retrieved
after the reading, anywhere in the generated word, of a certain
number of nucleotides depending on the code (called the window
of the circular code).
Property 2. Maximal circular code: X 0 , X 1 and X 2 are maximal
circular codes (20 trinucleotides) as they are not contained in
larger circular codes, i.e. in circular codes with more words (proof in
Michel, 2008).
These three trinucleotide subsets are also related by the
complementary property.
Deﬁnition 4. The complementarity C of a trinucleotide w0 ¼
l0 l1 l2 2 T is the complementary trinucleotide Cðw0 Þ ¼
Cðl2 ÞCðl1 ÞCðl0 Þ with CðAÞ ¼ T, CðCÞ ¼ G, CðGÞ ¼ C, CðTÞ ¼ A, e.g.
CðAACÞ ¼ GTT. This deﬁnition is naturally extended to the
trinucleotide set complementarity.
Property 3. Complementarity: CðX 0 Þ ¼ X 0 (X 0 is self-complementary) and, CðX 1 Þ ¼ X 2 and CðX 2 Þ ¼ X 1 (X 1 and X 2 are complementary to each other).
Thanks to Property 3, the circular code X 0 and its two permuted
circular codes X 1 and X 2 can exist in a DNA double helix: X 0 in a
given DNA strand can be paired with X 0 in the antiparallel
complementary DNA (cDNA) strand, X 1 (X 0 shifted by one
nucleotide in the 50 230 direction) in a given DNA strand can be
paired with X 2 (X 0 shifted by two nucleotides in the 50  30
direction) in the cDNA strand and X 2 (in a given DNA strand) can
similarly be paired with X 1 (in the cDNA strand).
The research context, the history and the other properties
(C 3 code, rarity, largest window length, higher frequency of
‘‘misplaced’’ trinucleotides, ﬂexibility) of these circular codes X 0 ,
X 1 and X 2 are detailed in Michel (2008).
3.1.2. Probabilities of the circular codes X 0 , X 1 and X 2 in genes
In order to determine the probabilities of the three circular
codes X j , j 2 f0; 1; 2g, in genes (reading frames 0), the 64
occurrence probabilities Pi of the trinucleotides i, i 2 f1; . . . ; 64g
representing the 64 trinucleotides T in alphabetical order, are
computed in genes (protein coding regions) of 175 complete
genomes of prokaryotes (487 758 genes, 454 megabases). This
very large set of data allows stable and signiﬁcant probabilities
according to the law of large numbers. As the trinucleotides Tid
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are not considered in the deﬁnition of a circular code, the
occurrence probability PðX j Þ of a code X j is renormalizing
P
i2X j P i
.
PðX j Þ ¼ P
i2TTid P i
The frequency computation of the three codes X j leads to the
following values:
8
>
< PðX 0 Þ ¼ 48:8%;
PðX 1 Þ ¼ 28:0%;
(3.1)
>
: PðX Þ ¼ 23:2%:
2

These values are retrieved with other gene populations (results
not shown) and are very similar to those published in 1996
(Arquès and Michel, 1996).
As expected, the code X 0 occurs with the highest probability
(48.8%) in genes as the codes X 1 and X 2 occur mainly in the
frames 1 and 2, respectively. Also as expected, X 0 is not a ‘‘pure’’
code. Indeed, the fact that its probability is less than 1 means that
it is mixed with the codes X 1 and X 2 in genes. Random mutations
have introduced noise during evolution, leading to a decreased
probability of X 0 . Furthermore, the probability inequality
PðX 1 Þ4PðX 2 Þ, i.e. an asymmetry between the codes X 1 and X 2 in
genes, is totally unexpected as the complementarity property
between X 1 and X 2 (Property 3) would imply the same
probabilities, even with the increase in noise during evolution.
This code probability difference is equal to

DP Genes ¼ PðX 1 Þ  PðX 2 Þ ¼ 4:8%.

(3.2)

The standard and chaotic models will explain both the
decreased probability of the code X 0 and the asymmetry between
the codes X 1 and X 2 in genes.
3.2. Standard and chaotic stochastic evolution models
of circular codes
3.2.1. Principle
The observation of a preferential trinucleotide set X 0 in various
genes (reading frames) from the two largest domains, the
eukaryotes and the prokaryotes, is the basis of our evolution
model. Indeed, if such a ‘‘universal’’ trinucleotide set occurs with a
frequency higher than the random one in current genes after
(mainly) random mutations, then a realistic hypothesis of an
evolution model consists in asserting that this set had a higher
frequency in the past than now. In other words, the trinucleotides
of X 0 are assumed to be the basic words of ‘‘primitive’’ genes
(genes before random substitutions). As these primitive genes are
constructed by trinucleotides of X 0 , the mathematical model will
be based on a 64  64 trinucleotide mutation matrix. The
standard and chaotic models SM and CM will be based on two
processes.
A construction process (t ¼ 0) generates primitive genes
according to a random mixing of the 20 trinucleotides of the
1
circular code X 0 with equiprobability (20
). Therefore, the occurrence probability PðX j ; tÞ of the three circular codes X j , j 2 f0; 1; 2g,
at initial past time t ¼ 0 is obvious: PðX 0 ; 0Þ ¼ 1 and PðX 1 ; 0Þ ¼
PðX 2 ; 0Þ ¼ 0 (absence of the codes X 1 and X 2 according to the
construction of the model). Thus, the initial vector in SM and CM
is Pð0Þ ¼ ½0;1=20; 0; 1=20; 0; 1=20; 0; 0; 0; 0; 0; 0; 0; 1=20; 0; 1=20; 0; 0;
1=20; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 1=20; 1=20; 0; 1=20; 1=20; 1=20; 1=20; 0;
1=20; 0; 0; 0; 1=20; 0; 1=20; 1=20; 1=20; 0; 1=20; 0; 1=20; 0; 0; 0; 0; 0; 0;
0; 0; 0; 0; 0; 1=20; 0; 0.
These past code probabilities with the absence of X 1 and X 2 in
primitive genes of this model are totally different from the code
probabilities observed in genes with the decreased probability of

X 0 and the asymmetry between X 1 and X 2 . Therefore, an evolution
process (t40) is added to the construction process to transform
these primitive genes into actual ones (simulated) in order to
retrieve a correlation with the genes (real). Random substitutions
with different rates p, q and r in the three sites, respectively, of the
20 trinucleotides of X 0 will generate the trinucleotides of X 1 and
X 2 according to an unbalanced way in the hope of retrieving the
statistical properties of the three codes in genes.
Remark 6. The circular codes X 0 , X 1 and X 2 have the same
frequencies of the nucleotides A, G, C and T. So, the unequal
frequencies of X 0 , X 1 and X 2 cannot be explained by unequal
nucleotide frequencies.
The standard and chaotic models will demonstrate here that the
probabilities of the codes X 0 , X 1 and X 2 in genes can be retrieved
after a certain evolutionary time t of random substitutions in
the circular code X 0 and with particular values for the three
substitution parameters.
3.2.2. Solution to the standard stochastic evolution model (SM)
As the trinucleotides Tid are not considered in the deﬁnition of
a circular code, the probability PðX j ; tÞ at time t of the three
circular codes X j , j 2 f0; 1; 2g, in the standard stochastic evolution
model SM is
P
i2X j P i ðtÞ
PðX j ; tÞ ¼ P
i2TTid P i ðtÞ
with Pi ðtÞ obtained from formula (2.5) according to Property 4 of
the nine parameter model (Michel, 2007).
Therefore, the analytical formulas PðX 0 ; tÞ (equal to P1 ðC; tÞ of
Property 4 in Michel, 2007), PðX 1 ; tÞ and PðX 2 ; tÞ at time t of the
three circular codes X 0 , X 1 and X 2 and as a function of the three
substitution parameters p, q and r (associated with the three
trinucleotide sites) are
PðX 0 ; tÞ ¼

PðX 1 ; tÞ ¼

PðX 2 ; tÞ ¼

1
ð50 þ 28eð4=3Þt þ 19eð4=3Þpt þ 18eð4=3Þqt
2D
þ 19eð4=3Þrt þ 5eð4=3Þð1pÞt þ 16eð4=3Þð1qÞt
þ 5eð4=3Þð1rÞt Þ,

(3.3)

1
ð50  12eð4=3Þt  9eð4=3Þpt  9eð4=3Þqt
2D
 10eð4=3Þrt  5eð4=3Þð1pÞt  5eð4=3Þð1qÞt Þ,

(3.4)

1
ð50  12eð4=3Þt  10eð4=3Þpt  9eð4=3Þqt
2D
 9eð4=3Þrt  5eð4=3Þð1qÞt  5eð4=3Þð1rÞt Þ

(3.5)

with the denominator D
D ¼ 75 þ 2eð4=3Þt þ 3eð4=3Þð1qÞt .
Remark 7. Formulas PðX 0 ; tÞ, PðX 1 ; tÞ and PðX 2 ; tÞ are the solutions
to PðtÞ ¼ Q eDt Q 1 Pð0Þ (2.5) where eDt is the diagonal matrix of
exponential eigenvalues elk t and Pð0Þ, the given initial probability
vector. The eigenvalues lk of M ¼ A  I are deduced from the
eigenvalues mk of A such that lk ¼ mk  1. The eigenvalues mk of A
can be obtained by determining the roots of the characteristic
equation detðA  mIÞ ¼ 0 of A using its block matrix properties.
Therefore, after linear combinations, 64 eigenvalues lk of M of
algebraic multiplicity 1 are obtained. The 64 eigenvectors of M
associated with these 64 eigenvalues lk computed by formal
calculus can be expressed in a form which does not dependent on
the substitution parameters.
P
Proposition 1. 8p; q; r; t; 3j¼1 PðX j ; tÞ ¼ 1.
Proposition 2. PðX 0 ; 0Þ ¼ 1; PðX 1 ; 0Þ ¼ PðX 2 ; 0Þ ¼ 0.
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Proof. The initial probability PðX j ; 0Þ at time t ¼ 0 of a code X j can
obviously be obtained from the analytical solution PðX j ; tÞ with
t ¼ 0 (3.3) (3.4) (3.5) and also by a simple probability calculus.
Indeed, the probability PðX 0 ; 0Þ is equal to 1 as the primitive genes
in this evolution model are generated by the code X 0 (20 among
20 trinucleotides) and then, PðX 1 ; 0Þ ¼ PðX 2 ; 0Þ ¼ 0. &
Proposition 3. 8p; q; r 20; 1½, limt!þ1 PðX j ; tÞ ¼ 13.
Proof. The probability PðX j ; tÞ at limit time t ! 1 of a code X j can
obviously be obtained from the limit of the analytical solution
PðX j ; tÞ (3.3) (3.4) (3.5) and also by a simple probability calculus.
Indeed, the three substitutions in the 20 trinucleotides of X 0
generate the 44 other trinucleotides. When t ! 1, the 64
trinucleotides T occur with the same probabilities and therefore,
the probabilities of X 0 , X 1 and X 2 are equal to 20=60 ¼ 13 (the four
trinucleotides Tid being ignored). &
Proposition 4. For some values p; q; r 2 f0; 1g, limt!þ1 PðX j ; tÞa 13
as some trinucleotides may be either not generated or generated
without equiprobability.
Example 1. With p ¼ 0, limt!þ1 PðX 0 ; tÞ ¼ 23
50 (from the analytical
solution (3.3) or a probability calculus not given here).
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t 2 ½6:8; 7:3. Fig. 3 gives a graphical representation of the
analytical solutions PðX 0 ; tÞ, PðX 1 ; tÞ and PðX 2 ; tÞ in this substitution
rate barycenter. At the construction process (t ¼ 0), SM shows the
past code probabilities (Proposition 2). Totally unexpectedly, with
these barycenter values p, q and r, the random substitution
process (t40) of SM generates the code probability inequality
PðX 1 ; tÞ4PðX 2 ; tÞ and increases its probability difference

DPSM ðtÞ ¼ PðX 1 ; tÞ  PðX 2 ; tÞ

(3.8)

during evolution which reaches a maximum value DPSM ðtÞ 
3:47% at t ¼ 2:8 (Fig. 3).
3.2.3. Solution to the chaotic stochastic evolution model (CM)
As the trinucleotides Tid are not considered in the deﬁnition of
a circular code, the probability PðX j ; t k Þ of the three circular codes
X j , j 2 f0; 1; 2g, at the time step t k in the chaotic stochastic
evolution model CM (with a uniform random strategy for the 64
trinucleotides) is
P
i2X j P i ðt k Þ
PðX j ; t k Þ ¼ P
i2TTid P i ðt k Þ

We can attempt to explain the asymmetry between the
probabilities of codes X 1 and X 2 and the decreased probability
of code X 0 with the standard model SM by investigating the
situation in which the probability difference

with P i ðt k Þ obtained from formula (2.8).
In order to compare the chaotic model CM with the standard
model SM, the same barycenter values p, q and r are used. As in
the model SM, the random substitution process of the model CM
generates the code probability inequality PðX 1 ; tÞ4PðX 2 ; tÞ and
increases its probability difference

PðX 1 ; tÞ  PðX 2 ; tÞ43%,

DPCM ðtÞ ¼ PðX 1 ; tÞ  PðX 2 ; tÞ

(3.6)

3% being chosen close to the real value DPGenes ¼ 4:8% (3.2), and
the probability inequality
PðX 1 ; tÞ4PðX 2 Þ ¼ 23:2%

(3.7)

to relate the values of the evolution model (probability PðX 1 ; tÞ) to
the gene reality (probability PðX 2 Þ equal to 23.2% (3.1)). The
occurrence probabilities PðX j ; tÞ of the three circular codes X 0 (3.3),
X 1 (3.4) and X 2 (3.5) are computed by varying each substitution
rate p, q and r in the range ½0; 1 with a step of 1%, such that their
sum is equal to 1, and t in the range ½0; 30.
The solution space (in %) of the standard model SM verifying
the two previous probability inequalities (3.6) and (3.7) is
very restricted: p 2 f0; . . . ; 2g, q 2 f1; . . . ; 5g and r 2 f95; . . . ; 99g. Its
barycenter values are p ¼ 0:8%, q ¼ 2:6% and r ¼ 96:6% with

(3.9)

during evolution, albeit more slowly, with a maximum value
DPCM ðtÞ  3:52% at t ¼ 16:2. The probability inequalities (3.6) and
(3.7) observed in genes are veriﬁed in the model CM with a time
interval t 2 ½39:4; 43:0 (Fig. 4). This time interval in CM which is
shifted and larger than in SM is related to some time steps with
‘‘mutation gaps’’.
The mathematical model of chaotic mutations can have any
random strategy JðkÞ of mutations, i.e. the numbers and the types
of mutable trinucleotides are unknown at each evolutionary time.
Obviously, it allows particular strategies JðkÞ of chaotic mutations.
We propose here three chaotic models with particular strategies
for the stop codons.
The chaotic model CM TAA is based on the low mutability of the
stop codon TAA. Precisely, the strategy JðkÞ randomly chooses the

Fig. 3. Standard stochastic evolution model SM of the circular codes X 0 , X 1 and X 2 in the substitution rate barycenter: p ¼ 0:8%, q ¼ 2:6% and r ¼ 96:6%: The model SM
veriﬁes the circular code probability inequalities (3.6) and (3.7) observed in genes with t 2 ½6:8; 7:3 (in grey level).
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Fig. 4. Chaotic stochastic evolution model CM (with a uniform random strategy for the 64 trinucleotides) of the circular codes X 0 , X 1 and X 2 in the substitution rate
barycenter: p ¼ 0:8%, q ¼ 2:6% and r ¼ 96:6%: The model CM veriﬁes the circular code probability inequalities (3.6) and (3.7) observed in genes with t 2 ½39:4; 43:0 (in grey
level).

Fig. 5. Chaotic stochastic evolution model CM TAA (with low mutability of the stop codon TAA) of the circular codes X 0 , X 1 and X 2 in the substitution rate barycenter:
p ¼ 0:8%, q ¼ 2:6% and r ¼ 96:6%. The model CM TAA veriﬁes the circular code probability inequalities (3.6) and (3.7) observed in genes with tX34:5 (in grey level).

stop codon TAA with a probability equal to 103 and the other
trinucleotides with equiprobability (ð1  103 Þ=63  0:0159). By
keeping the same barycenter values p, q and r (to compare the
different types of evolution models), the model CM TAA increases
the code probability difference

DP CMTAA ðtÞ ¼ PðX 1 ; tÞ  PðX 2 ; tÞ

(3.10)

during evolution with a maximum value DPCMTAA ðtÞ  4:76% at t ¼
18:3 which is very close to the value DPGenes ¼ 4:8% (3.2) observed
in genes (Fig. 5).
Similarly, the chaotic models CM TAG and CMTGA are based on
low mutabilities (103 ) of the stop codons TAG and TGA,
respectively. Fig. 6 summarizes the evolution of the circular code
probability differences DPðtÞ ¼ PðX 1 ; tÞ  PðX 2 ; tÞ at time t with the
standard model SM (DPSM ðtÞ (3.8)) and the four chaotic models
CM (DP CM ðtÞ (3.9)), CMTAA (DPCMTAA ðtÞ (3.10)), CM TAG (DPCMTAG ðtÞ) and

CMTGA (DP CMTGA ðtÞ). To explain the asymmetry between the codes
X 1 and X 2 in genes, the model CM TAG is the least interesting
(maximum value DPCMTAG ðtÞ  1:61% at t ¼ 12:1) and less performant than the model SM. The models CM and CMTGA (maximum
value DPCMTGA ðtÞ  3:55% at t ¼ 17:5) have similar curve shapes
and code probability differences maintained in an evolutionary
time larger than the model SM. The chaotic model CM TAA with low
mutability of the stop codon TAA matches the probability
discrepancy between the circular codes X 1 and X 2 observed in
real genes better than the standard model SM and the chaotic
models CM, CM TAG and CMTGA .

4. Conclusion
We have developed a new class of stochastic models of gene
evolution with chaotic mutations, i.e. a random subset of the 64
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Fig. 6. Circular code probability differences DP ¼ PðX 1 ; tÞ  PðX 2 ; tÞ between the two circular codes X 1 and X 2 with the standard model SM (DP SM ðtÞ; thick full line) and the
four chaotic models CM (DP CM ðtÞ; thin full line), CM TAA (DP CMTAA ðtÞ; large dash line; top curve), CM TAG (DP CMTAG ðtÞ; dot line; bottom curve) and CM TGA (DP CMTGA ðtÞ; small dash
line). The chaotic model CM TAA with low mutability of the stop codon TAA matches the probability discrepancy between the circular codes X 1 and X 2 observed in real genes
better than the standard model SM and the chaotic models CM, CM TAG and CM TGA .

possible trinucleotides mutates at each evolutionary time t
according to some substitution probabilities. Therefore, at each
time t, the numbers and the types of mutable trinucleotides are
unknown and the mutation matrix changes. Thus, the chaotic
model CM generalizes the standard model SM in which all the
trinucleotides mutate at each time t according to constant or
time-dependent substitution parameters (Jukes and Cantor, 1969;
Kimura, 1980, 1981; Takahata and Kimura, 1981; Arquès et al.,
1998; Frey and Michel, 2006; Michel, 2007). It determines the
occurrence probabilities at time t of trinucleotides which
chaotically mutate according to three substitution parameters
associated with the three trinucleotide sites. Two theorems
prove that the chaotic model has a probability vector at each
time t and that it converges to a uniform probability vector
identical to that of the standard model if the substitution matrix A
is symmetric. Four applications of this chaotic model have
allowed an evolutionary study of the three circular codes X 0 , X 1
and X 2 identiﬁed in both eukaryotic and prokaryotic genes,
particularly the decreased probability of X 0 and the asymmetry
between X 1 and X 2 .
As a chaotic model is more general than a standard model,
there is no mathematical reason why a chaotic model should have
similar results of a standard model. On a biological perspective, a
chaotic evolution allows some trinucleotides not to mutate for a
certain period of time. The evolutionary behaviour of mutable
trinucleotides is modeled by the JðkÞ parameter (see Section 2.3)
which selects a subset of trinucleotides at a time step t k according
to any random distribution, e.g. a uniform one. However, as the
mathematical model converges with any random distribution for
the JðkÞ parameter, the JðkÞ parameter can have particular
strategies. For example, one can imagine that during a certain
evolutionary time interval, only the trinucleotides beginning with
the nucleotide A are mutable, then during another time interval,
the trinucleotides ending with the nucleotide C are mutable, etc.
Any deterministic strategy for the JðkÞ parameter converges as
long as Condition 1 of Theorem 2 is satisﬁed.
Four chaotic models have allowed an evolutionary study of the
three circular codes X 0 , X 1 and X 2 : the model CM with a uniform
random strategy for the 64 trinucleotides and the models CMTAA ,
CMTAG and CMTGA with low mutability (substitution probability
close to 0) of the stop codons TAA, TAG and TGA, respectively.

Among these ﬁve evolution models SM, CM, CM TAA , CMTAG and
CMTGA , the chaotic model CM TAA leads to the best ﬁt with the
probability asymmetry between the codes X 1 and X 2 observed in
genes. This result may be explained by the fact that TAA is strongly
avoided in protein coding genes. Indeed, between the three stop
codons, TAA is the most ‘‘universal’’ stop codon (overrepresented
in prokaryotes and lower eukaryotes) while TGA is overrepresented only in higher eukaryotes and TAG is the least
used (Sharp and Bulmer, 1988; Brown et al., 1990; Sun et al.,
2005).
These standard and chaotic models construct ‘‘primitive’’
genes, i.e. genes before random substitutions (t ¼ 0), with
trinucleotides of the circular code X 0 according to an independent
1
concatenation with equiprobability (20
). The substitution process
(t40) allows the generation of the circular code probability
inequality PðX 1 ; tÞ4PðX 2 ; tÞ and the increase of its probability
difference during evolution. Furthermore, it retrieves the frequency orders of the three codes X 0 , X 1 and X 2 in genes. The
barycenter values in these stochastic models have a substitution
rate r (96.6%) signiﬁcantly greater than q (2.6%) and p (0.8%), in
agreement with the actual degeneracy of the genetic code with a
signiﬁcantly highest mutation rate in the third site (see e.g.
Ermolaeva, 2001).
The 20 trinucleotides of X 0 codes for 12 amino acids: Ala, Asn,
Asp, Gln, Glu, Gly, Ile, Leu, Phe, Thr, Tyr and Val according to the
standard and current genetic code. Five amino acids (AA): Ala, Gln,
Phe, Thr and Tyr are coded by one trinucleotide of X 0 , six AA: Asn,
Asp, Glu, Gly, Ile and Leu, by two trinucleotides of X 0 , and one AA:
Val, by three trinucleotides of X 0 . In current genes, these 12 AA are
coded by 37 trinucleotides. The determination of prebiotic amino
acids in comets, submarine hydrothermal systems and soup on
earth is still controversial. This open biological problem in the
context of the stochastic models developed here unfortunately
can give no conclusion so far if the genetic code had been involved
in X 0 or if it is appeared after mutations of X 0 .
The probability variations of trinucleotides after random
substitutions in the standard and chaotic models are totally
unexpected and cannot be predicted without modelling. Particularly, the analytical solutions in the standard model are based on a
sum of several exponential terms which are function of the three
parameters p, q and r, and the chaotic models have a very complex
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random behaviour with different mutable and non-mutable
trinucleotides during evolution. On the other hand, the traces of
the probability differences between primitive trinucleotides
(initial probabilities) are conserved even after a great number of
substitutions, e.g. at t ¼ 30 in the standard model SM (Fig. 3) and
t ¼ 50 in the chaotic model CM (Fig. 4).
Other applications of this chaotic model can also be developed
in future, e.g. with particular strategies, with mutation matrices
with a greater number of substitution parameters, etc. We are also
investigating this new chaotic evolutionary approach in the ﬁeld
of phylogenetic inference.

Appendix B. Proof of Theorem 2
Let us recall that BðkÞ denotes the matrix hA
i 2 f1; . . . ; 64g,




64
X


ðkÞ
ðkÞ
jðB xÞi j ¼ ð1  hÞxi þ h
Aij xj 


j¼1




64
X


ðkÞ
Aij 
pð1  hÞ max xi þ h max xi
i
i


j¼1

ðkÞ

þ ð1  hÞI. For all

¼ max jxi j.
i

So, 8i 2 f1; . . . ; 64g, maxi jðBðkÞ xÞi jpmaxi jxi j.
Let us denote the maximum norm by jxj1 ¼ maxi jxi j. Then,
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jBðkÞ xj1 pjxj1 .

(B.1)
fxðkÞ
gk
i

The sequence
is bounded. Indeed, suppose that 80pkpp,
jxðkÞ j1 pjxð0Þ j1 . Then,

Appendix A. Proof of Theorem 1

jxðpþ1Þ
j1 ¼ jðBðpÞ xðpÞ Þi jp max jxðpÞ
jpjxð0Þ j1 .
i
i

Let us introduce the following notations xðkÞ
i ¼ P i ðt k Þ and
ðkÞ
0
x ¼ ðxðkÞ
1 ; . . . ; x64 Þ. Let x ¼ Pðt 0 Þ be the initial probability vector.
P64 ðmÞ
¼ 1, we will prove that for a ﬁxed
By supposing that
i¼1 xi
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¼
x
m 2 N, 64
i¼1 i
i¼1 i . We have successively
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A classical recurrence reasoning leads to
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On the other hand, AðmÞ is by construction a probability matrix, so
P
P64 ðmÞ ðmÞ P
P64 P64 ðmÞ ðmÞ
¼1
and
þ ieJðmþ1Þ
i¼1
j¼1 Aij xj
j¼1 Aij xj
i2Jðmþ1Þ
P64 ðmÞ ðmÞ
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j¼1 Aij xj
According to the matrix conservation law of substitution
¼ 0 for iaj,
probabilities, if ieJðm þ 1Þ then AiiðmÞ ¼ 1 and AðmÞ
ij
P64 ðmÞ ðmÞ P
P
þ ieJðmþ1Þ xðmÞ
¼ 1. Thanks to the
hence
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above equation, we have
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Hence, the sequence fjxðkÞ j1 gk and a fortiori fjxðkp Þ j1 gp (see
Condition 1) is bounded. Weierstrass theorem implies that it
contains a convergent subsequence. Without loss of generality,
suppose that it is itself, limp!þ1 xðkp Þ ¼ x .
On the other hand and thanks to (B.1), we can easily prove
that fjxðkÞ j1 gk is monotone decreasing, so it is convergent,
limk!þ1 jxðkÞ j1 ¼ limp!þ1 jxðkp Þ j1 ¼ jx j1 . Let us denote the following matrix Q by
0
1
1=64    1=64
B .
.. C
..
.
Q ¼B
. C
.
@ .
A.
1=64    1=64
Condition 1 implies that the matrices Aðkp Þ are convergent. It
implies that 1 is a simple eigenvalue of Aðkp Þ and the non-bipartite
condition implies that 1 is not an eigenvalue of Aðkp Þ . As Aðkp Þ are
symmetric stochastic matrices, limp!þ1 ðAðkp Þ Þp ¼ Q .
As the graph associated with Aðkp Þ is connected, the graph
ðk Þ
associated with the matrix Bðkp Þ ¼ hA p þ ð1  hÞI is connected
ðkp Þ
and non-bipartite. Then, B
are symmetric stochastic matrices
and converge to Q
lim ðBðkp Þ Þp ¼ Q .
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The recurrence hypothesis implies that (A.2) is true for all
m 2 N. &

p!þ1

Now, a classical result (Berman and Plemmons, 1994) ensures that
Bðkp Þ Q ¼ QBðkp Þ ¼ Q .
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Thus,


jQx  ðB

ðkp Þ p ðkp Þ

Þ x

j1 ¼ jðB

ðkp Þ p1

Þ



ðQx  B

ðkp Þ ðkp Þ

x

Þj1

¼ jðBðkp Þ Þp1 ðQx  xðkp þ1Þ Þj1 .
Now, as limp!þ1 ðBðkp Þ Þp1 ¼ Q , by the deﬁnition of the maximum
norm, we deduce
lim jQx  xðkp þ1Þ j1 ¼ 0.

p!þ1

Note that Q (a doubly stochastic and positive matrix) is a
paracontracting matrix, e.g. Bahi (2000). The above equation
implies that
jQx j1 ¼ lim jxðkp þ1Þ j1 ¼ jx j1 .
p!þ1

So Qx ¼ x and thus x ¼ cð1; . . . ; 1ÞT . Now, we have
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 xi j ¼ jðBðkÞ ðxðkÞ  x ÞÞi jp max jxðkÞ
i
i  xi j.
i

Thus,
0pjxðkþ1Þ  x j1 pjxðkÞ  x j1 .
The above development implies that the sequence jxðkÞ  x j1 is
monotone decreasing, so it is convergent. Thus,
lim jxðkÞ  x j1 ¼ lim jxðkp Þ  x j1 ¼ 0.

k!1

p!1

Therefore,
lim xðkÞ ¼ x ¼ cð1; . . . ; 1ÞT .
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By using the above proposition, x is a probability vector and thus,
1
x ¼ 64
ð1; . . . ; 1ÞT :
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