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Abstract
We develop here an analytical evolution model based on a dinucleotide mutation matrix 16  16 with six substitution parameters
associated with the three types of substitutions in the two dinucleotide sites. It generalizes the previous models based on the nucleotide
mutation matrices 4  4. It determines at some time t the exact occurrence probabilities of dinucleotides mutating randomly according to
these six substitution parameters. Furthermore, several properties and two applications of this model allow to derive 16 evolutionary
analytical solutions of dinucleotides and also a dinucleotide phylogenetic distance. Finally, based on this mathematical model, the SED
(Stochastic Evolution of Dinucleotides) web server has been developed for deriving evolutionary analytical solutions of dinucleotides.
r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Models of gene evolution were initially developed on the
basis of nucleotide information, the ﬁrst model was
proposed by Jukes and Cantor (1969). DNA sequencing
has revealed that the structure of the different genome
regions are based on a variety of motifs of different sizes:
dinucleotides, trinucleotides, oligonucleotides, either on a
2-letter alphabet, e.g. the purine/pyrimidine alphabet, or on
the classical 4-letter alphabet. After the creation of the ﬁrst
gene databases (EMBL, Genbank), these biological results
have been widely studied by different signal processing
methods, such as the correlation functions, the power
spectrum, the Fourier transforms, etc., in order to identify
the statistical properties of these motifs, e.g. periodicities
and subperiodicities, global and local maxima, etc. For
example, a periodicity modulo 2 associated with dinucleotides has been identiﬁed in introns (Arquès and Michel,
1987; Konopka et al., 1987) and in the 50 and 30 regions
surrounding the eukaryotic genes (Arquès and Michel,
1990), a periodicity modulo 3 associated with trinucleotides
has been observed in genes (Shepherd, 1981; Michel, 1986),
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etc. On the other hand, a great number of mutation studies
have shown that the neighboring bases inﬂuence the types
and rates of mutation at a given sequence position, e.g.
Hess et al. (1994). After an analysis phase of the statistical
properties of motifs, their evolutionary properties have
been studied by extending the nucleotide evolution models
to the motif evolution models, in particular to the
trinucleotide (Arquès and Michel, 1993) and dinucleotide
(Arquès and Michel, 1995) ones. The variety and the
complexity of these models increase regularly and the
dinucleotide evolution model developed here is based on
six substitution parameters.
A new stochastic evolution model will determine at some
time t the occurrence probabilities of dinucleotides mutating randomly according to several types of substitutions in
the dinucleotide sites. It is based on a dinucleotide
mutation matrix 16  16 with six substitution parameters
and with non-zero elements on the main diagonal.
Occurrence probabilities of dinucleotide sets can obviously
be deduced from this approach. This model with six
substitution parameters associated with the three types of
substitutions in the two dinucleotide sites generalizes
several previous models based on the nucleotide mutation
matrices 4  4, in particular with one substitution
parameter (Jukes and Cantor, 1969), two parameters
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(transitions and transversions) (Kimura, 1980), three
parameters (Kimura, 1981), four parameters (Takahata
and Kimura, 1981) and six parameters (Kimura, 1981),
and the dinucleotide model with one substitution
parameter (Arquès and Michel, 1995). Other approaches
have been developed later for studying evolution of
dinucleotides. For example, a computer simulation
approach (construction of simulated genes and then
applying random mutations) has been proposed by
Fryxell and Zuckerkandl (2000), a discrete version with
time steps Dt=L where Dt is the time increment and L, the
length of the sequence, has been developed in Arndt et al.
(2002).
Two types of results are presented in this paper:
(i) A mathematical model of gene evolution with six
substitution parameters is developed: a and d are the rates
of transitions A !G (a substitution from one purine
fA; Gg to the other) and C !T (a substitution from one
pyrimidine fC; Tg to the other) in the two sites, respectively, b and e are the rates of transversions (a substitution
from a purine to a pyrimidine, or reciprocally) A !T and
C !G in the two sites, respectively, and c and f are the
rates of transversions A !C and G !T in the two sites,
respectively.
(ii) Several properties and two applications of this
model allow to derive 16 evolutionary analytical solutions
of dinucleotides and also a dinucleotide phylogenetic
distance.

2. Mathematical model
The mathematical model will determine at an evolutionary time t the occurrence probabilities PðtÞ of the 16
dinucleotides mutating according to six real substitution
parameters a, b, c, d, e and f: a and d are the transition rates
A !G and C !T in the two sites, respectively, b and e
are the transversion rates A !T and C !G in the two
sites, respectively, and c and f are the transversion rates
A !C and G !T in the two sites, respectively.
By convention, the indexes i; j 2 f1; . . . ; 16g represent the
16 dinucleotides D ¼ fAA; . . . ; TTg in alphabetical order.
Let Pðj ! iÞ be the substitution probability of a dinucleotide j into a dinucleotide i. The probability Pðj ! iÞ is equal
to 0 if the substitution is impossible, i.e. if j and i differ
more than one nucleotide as the time interval T is assumed
to be enough small that a dinucleotide cannot mutate
successively two times during T. Otherwise, it is given as a
function of the six substitution rates a, b, c, d, e and f. For
example with the dinucleotide AA associated with i ¼ 1,
PðCA ! AAÞ ¼ c, PðGA ! AAÞ ¼ a, PðTA ! AAÞ ¼ b,
PðAC ! AAÞ ¼ f , PðAG ! AAÞ ¼ d, PðAT ! AAÞ ¼ e
and Pðj ! AAÞ ¼ 0 with jefAC; AG; AT; CA; GA; TAg.
Let Pi ðtÞ be the occurrence probability of a dinucleotide i
at the time t. At time t þ T, the occurrence probability of
the dinucleotide i is Pi ðt þ TÞ so that Pi ðt þ TÞ  Pi ðtÞ
represents the probabilities of dinucleotides i which appear

and disappear during the time interval T
Pi ðt þ TÞ  Pi ðtÞ ¼ aT

16
X

Pðj ! iÞPj ðtÞ  aTPi ðtÞ,

j¼1

where a is the probability that a dinucleotide is subjected to
one substitution during T. By rescaling time, we can
assume that a ¼ 1, i.e. there is one substitution per
dinucleotide per time interval. Then,
Pi ðt þ TÞ  Pi ðtÞ
¼T

16
X

Pðj ! iÞPj ðtÞ  TPi ðtÞ

j¼1

¼T

16
X

Pðj ! iÞPj ðtÞ þ TPði ! iÞPi ðtÞ  TPi ðtÞ

j¼1
jai

¼T

16
X
j¼1
jai

0

1

16
X
B
C
Pðj ! iÞPj ðtÞ þ T B
1

Pðj ! iÞC
@
APi ðtÞ
j¼1
jai

 TPi ðtÞ.

ð2:1Þ

The formula (2.1) leads to
16
X
Pi ðt þ TÞ  Pi ðtÞ
¼ P0i ðtÞ ¼
Pðj ! iÞPj ðtÞ  Pi ðtÞ
T!0
T
j¼1

lim

(2.2)
when T ! 0 and with non-zero elements on the main
diagonal.
By considering the column vector PðtÞ ¼ ½Pi ðtÞ1pip16
made of the 16 Pi ðtÞ and the mutation matrix A ð16; 16Þ of
the 256 dinucleotide substitution probabilities Pðj ! iÞ, the
differential equation (2.2) can be represented by the
following matrix equation:
P0 ðtÞ ¼ A  PðtÞ  PðtÞ ¼ ðA  IÞ  PðtÞ,

(2.3)

where I represents the identity matrix and the symbol , the
matrix product.
The square mutation matrix A ð16; 16Þ can be deﬁned
by a square block matrix ð4; 4Þ whose four diagonal
elements are formed by four identical square submatrices
B ð4; 4Þ and whose 12 non-diagonal elements are formed
by four square submatrices aI ð4; 4Þ, four square submatrices bI ð4; 4Þ and four square submatrices cI ð4; 4Þ
as follows:
1
0
1    4 5    8 9    12 13    16
C
B 14
B
cI
aI
bI
C
B
C
B
C.
5



8
cI
B
bI
aI
A¼B
C
B
C
B
aI
bI
B
cI
A
@ 9    12
13    16
bI
aI
cI
B
The index ranges f1; . . . ; 4g, f5; . . . ; 8g, f9; . . . ; 12g and
f13; . . . ; 16g are associated with the dinucleotides fAA;
. . . ; ATg, fCA; . . . ; CTg, fGA; . . . ; GTg and fTA; . . . ; TTg,
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respectively. The square submatrix B ð4; 4Þ is equal to
1
0
n f d e
C
B
Bf n e dC
C
B¼B
Bd e n f C
A
@
e d f n
with n ¼ 1  ða þ b þ c þ d þ e þ f Þ.
The mutation matrix A is a doubly stochastic and
positive matrix.
The differential equation (2.3) can then be written in the
following form
P0 ðtÞ ¼ M  PðtÞ
with
M ¼ A  I.
As the six substitution parameters are real, the matrix A
is real and also symmetrical by construction. Therefore,
the matrix M is also real and symmetrical. There exist
an eigenvector matrix Q and a diagonal matrix D of
eigenvalues lk of M ordered in the same way as the
eigenvector columns in Q such that M ¼ Q  D  Q1 . Then,
P0 ðtÞ ¼ Q  D  Q1  PðtÞ.
This equation has the classical solution (Lange, 2005)
PðtÞ ¼ Q  eDt  Q1  Pð0Þ,

(2.4)

Dt

where e is the diagonal matrix of exponential eigenvalues
el k t .
The eigenvalues lk of M are deduced from the
eigenvalues mk of A such that lk ¼ mk  1. The eigenvalues
mk of A can be obtained by determining the roots of the
characteristic equation detðA  mIÞ ¼ 0 of A using its block
matrix properties. Therefore, after linear combinations, the
determinant detðA  mIÞ is equal to
detðA  mIÞ ¼ detðB  ða þ b  c þ mÞIÞ

 detðB  ða  b  c þ mÞIÞ.

eigenvalues, on four parameters
l1 ¼ 0,
l2 ¼ 2ða þ bÞ; l3 ¼ 2ða þ cÞ; l4 ¼ 2ðb þ cÞ,
l5 ¼ 2ðd þ eÞ; l6 ¼ 2ðd þ f Þ; l7 ¼ 2ðe þ f Þ,
l8 ¼ 2ða þ b þ d þ eÞ; l9 ¼ 2ða þ b þ d þ f Þ,
l10 ¼ 2ða þ b þ e þ f Þ; l11 ¼ 2ða þ c þ d þ eÞ,
l12 ¼ 2ða þ c þ d þ f Þ; l13 ¼ 2ða þ c þ e þ f Þ,
l14 ¼ 2ðb þ c þ d þ eÞ; l15 ¼ 2ðb þ c þ d þ f Þ,
l16 ¼ 2ðb þ c þ e þ f Þ.

ð2:5Þ

After linear combinations, the determinant detðB  nIÞ is
equal to
detðB  nIÞ ¼ ð1  a  b  c  nÞ
ð1  a  b  c  2d  2e  nÞ
ð1  a  b  c  2d  2f  nÞ
ð1  a  b  c  2e  2f  nÞ.
Therefore, by substituting in (2.5) n ¼ a þ b  c þ m,
n ¼ a  b þ c þ m, n ¼ a þ b þ c þ m or n ¼ a  b
c þ m, the determinant detðA  mIÞ is obtained and
then, the eigenvalues lk of M are deduced. There are
16 eigenvalues lk of M of algebraic multiplicity 1:
six eigenvalues depend on two parameters and nine

ð2:6Þ

The 16 eigenvectors of M associated with these 16
eigenvalues lk computed by formal calculus can be put in a
form independent of a, b, c, d, e and f (results not shown).
The formula (2.4) with the initial probability vector Pð0Þ
before the substitution process (t ¼ 0), the diagonal matrix
eDt of exponential eigenvalues elk t of M, its eigenvector
matrix Q and its inverse Q1 , determine the 16 dinucleotide
probabilities Pi ðtÞ after t substitutions as a function of the
six parameters a, b, c, d, e and f. The matrix R ¼ Q  eDt 
Q1 is given in Appendix for the reader who wants to
develop different evolutionary applications by varying the
choice of Pð0Þ. Several properties and two applications of
this model with the 16 evolutionary analytical solutions of
dinucleotides and a dinucleotide phylogenetic distance are
given in Section 3.
3. Results
3.1. Time inversion
The formula PðtÞ ¼ Q  eDt  Q1  Pð0Þ (2.4) gives the
dinucleotide probabilities at the evolutionary time t from
their past ones Pð0Þ. By expressing Pð0Þ as a function of
PðtÞ in (2.4), then Pð0Þ ¼ Q  eDt  Q1  PðtÞ. Therefore,
the formula
e ¼ Q  eDt  Q1  Pð0Þ
e
PðtÞ

 detðB  ða  b þ c þ mÞIÞ
 detðB  ða þ b þ c þ mÞIÞ

273

(3.1)

by replacing t by t in (2.4), gives the past dinucleotide
e
probabilities from their actual ones Pð0Þ;
i.e. by inverting
the direction of the evolutionary time.
3.2. Time steps
Let t0 ot1 ot2 be three evolutionary times. Let Pðt1 Þ
and Pðt2 Þ be the dinucleotide probabilities at the
evolutionary times t1 and t2 , respectively, as a function
of their past ones Pðt0 Þ, i.e. Pðt1 Þ ¼ Q  eDt1  Q1  Pðt0 Þ
and Pðt2 Þ ¼ Q  eDt2  Q1  Pðt0 Þ. Then, Pðt2 Þ can be
expressed as a function of Pðt1 Þ such that
Pðt2 Þ ¼ Q  eDðt2 t1 Þ  Q1  Pðt1 Þ.
3.3. Properties
If n ¼ 0, i.e. a þ b þ c þ d þ e þ f ¼ 1, then the substitution probability Pði ! iÞ of a dinucleotide i into
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itself is impossible: Pði ! iÞ ¼ 0 is associated with zero
elements on the main diagonal of the dinucleotide
mutation matrix A.
P16
The dinucleotide probability sum
i¼1 Pi ðtÞ ¼ 1 whatever a, b, c, d, e and f in the range ½0; 1 and whatever the
evolutionary time t.
The given initial probabilities Pð0Þ of the 16 dinucleotides at the time t ¼ 0 can (obviously) be obtained from
their analytical solutions PðtÞ with t ¼ 0.
The probabilities PðtÞ of the 16 dinucleotides at the limit
time t ! 1 can (obviously) be obtained from their limit
study or also by a simple probability calculus. Indeed,
whatever a, b, c, d, e and f in the range 0; 1½, limt!1 Pi ðtÞ ¼
1
16 as the 16 dinucleotides i occur with the same probability
when the evolutionary time t ! 1. When one (or more)
substitution has a rate equal to 0, some dinucleotides i may
be either not generated or generated without equiprob1
ability and limt!1 Pi ðtÞa16
(not detailed, an example of
probability calculus can be found with the property 3 in
Michel, 2007).
The analytical formulas P1 ðtÞ of the 16 dinucleotides
as a function of the two substitution rates p and q
associated with the two dinucleotide sites, respectively, are
particular cases of PðtÞ (2.4) with a ¼ b ¼ c ¼ p=3 and
d ¼ e ¼ f ¼ q=3.
The analytical formulas P2 ðtÞ of the 16 dinucleotides as a
function of the four substitution rates u, v, w and x such
that u and v (w and x resp.) are the transition and the
transversion rates in the 1st (2nd resp.) dinucleotide sites,
respectively, are particular cases of PðtÞ (2.4) with a ¼ u,
b ¼ c ¼ v=2, d ¼ w and e ¼ f ¼ x=2.
The analytical formulas PðtÞ (2.4) of the 16 dinucleotides
obviously allows to deduce the occurrence probability
PðX ; tÞ of a dinucleotide set X by summing the probabilities
of the dinucleotides
i belonging to the set X, i.e.
P
PðX ; tÞ ¼ i2X Pi ðtÞ.
The stochastic model leads to exact solutions. In
contrast, a gene evolution physical model constructing
and transforming simulated sequences, leads to approximate solutions. It also requires a computer time consuming calculation. Indeed, for approximating analytical
solutions by computer simulation (construction of simulated genes and then applying random mutations according
to the substitution rates a, b, c, d, e and f) several hours or
even a few days can be necessary with a PC, in particular
when some substitutions rates are closed to their limits (0
and 1) and/or close to each other and/or when a high
decimal precision for the formula PðtÞ, e.g. a probability
with 3 decimals, is required.
Two applications of this stochastic model are given by
choosing an initial probability vector Pð0Þ containing only
one dinucleotide, e.g. AA, i.e.

3.4. Evolutionary analytical solutions of dinucleotides
The formula PðtÞ (2.4) with the initial probability vector
Pð0Þ (3.2) allows several evolutionary analytical solutions
of dinucleotides to be deduced. They can be expressed by
the following general equation:
1 2ðaþbþcþdþeþf Þt
e
PðBB ! B0 B00 Þ ¼ 16

ðda e2at þ db e2bt þ dc e2ct þ dp e2ðaþbþcÞt Þ
ðdd e2dt þ de e2et þ df e2ft þ dq e2ðdþeþf Þt Þ
with da ; db ; dc ; dd ; de ; df ; dp ; dq 2 f1; 1g. The different solutions are
PðBB ! B0 B00 Þ with
B0 ¼ B00 ¼ B
PðB ! B0 Þ ¼ a
PðB ! B0 Þ ¼ b
PðB ! B0 Þ ¼ c
PðB ! B00 Þ ¼ d
PðB ! B00 Þ ¼ e
PðB ! B00 Þ ¼ f
PðB ! B0 Þ ¼ a and
PðB ! B00 Þ ¼ d
PðB ! B0 Þ ¼ a and
PðB ! B00 Þ ¼ e
PðB ! B0 Þ ¼ a and
PðB ! B00 Þ ¼ f
PðB ! B0 Þ ¼ b and
PðB ! B00 Þ ¼ d
PðB ! B0 Þ ¼ b and
PðB ! B00 Þ ¼ e
PðB ! B0 Þ ¼ b and
PðB ! B00 Þ ¼ f
PðB ! B0 Þ ¼ c and
PðB ! B00 Þ ¼ d
PðB ! B0 Þ ¼ c and
PðB ! B00 Þ ¼ e
PðB ! B0 Þ ¼ c and
PðB ! B00 Þ ¼ f

da db dc dp dd de df dq
1 1 1
111
1 11
11 1
1 1 1
1 1 1
1 1 1
111

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 111
11 11
111 1
1 111

1
1
1
1
1
1
1
1

111 11 11 1
111 111 1 1
1 11 1 111 1
11 11 11 11
11 11 1 111
11 1 1 111 1
1 111 11 11
1 111 1 111

3.5. Dinucleotide phylogenetic distance
By convention, the index l s , l 2 f1; . . . ; 4g and s 2 f1; 2g,
represents the four nucleotides fA; C; G; Tg in alphabetical
order in the two dinucleotide sites s and let Pl s , be their
associated evolutionary probabilities. Then,
Pl 1 ¼

3
X

Piþ4ðl 1 1Þþ1 ðtÞ,

(3.3)

P4ði mod 4Þþl 2 ðtÞ.

(3.4)

i¼0

(
Pð0Þ ¼

P1 ð0Þ ¼ 1;
Pi ð0Þ ¼ 0;

8i 2 f2; . . . ; 16g:

(3.2)

Pl 2 ¼

3
X
i¼0
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The six substitution parameters a, b, c, d, e and f are
renamed here by considering their dinucleotide site: as ,
s 2 f1; 2g, are the transition rates A !G and C !T in
the two dinucleotide sites s, i.e. a1 ¼ a and a2 ¼ d, bs ,
s 2 f1; 2g, are the transversion rates A !T and C !G in
the two sites s, i.e. b1 ¼ b and b2 ¼ e, and cs , s 2 f1; 2g,
are the transversion rates A !C and G !T in the two
sites s, i.e. c1 ¼ c and c2 ¼ f . Let as , bs and gs be the
probabilities associated with the nucleotide differences
between a dinucleotide site s of a 1st gene and the
same dinucleotide site s of a 2nd gene: as , s 2 f1; 2g,
is the probability that the sth dinucleotide site of a
1st gene and the same sth dinucleotide site of a 2nd gene
differ by the transitions A !G and C !T, bs , s 2 f1; 2g,
is the probability that the sth dinucleotide site of a
1st gene and the same sth dinucleotide site of a 2nd gene
differ by the transversions A !T and C !G,
and gs , s 2 f1; 2g, is the probability that the sth dinucleotide
site of a 1st gene and the same sth dinucleotide site of
a 2nd gene differ by the transversions A !C and
G !T. Then, these six probabilities can be expressed
as a function of the substitution parameters as , bs and
cs . Indeed,
as ¼ 2ðPAs  PGs þ PC s  PT s Þ
¼ 14ð1  e4ðas þbs Þt  e4ðas þcs Þt þ e4ðbs þcs Þt Þ,
bs ¼ 2ðPAs  PT s þ PC s  PGs Þ
¼ 14ð1  e4ðas þbs Þt þ e4ðas þcs Þt  e4ðbs þcs Þt Þ,
gs ¼ 2ðPAs  PC s þ PGs  PT s Þ
¼ 14ð1 þ e4ðas þbs Þt  e4ðas þcs Þt  e4ðbs þcs Þt Þ.
with PAs , PC s , PGs and PT s obtained by the formulas (3.3)
and (3.4).
The phylogenetic distance, classically deﬁned per site,
is extended per dinucleotide of length n ¼ 2. As there are
six substitution parameters per dinucleotide per time unit
(see the matrices A and B) in each branch of the
phylogenetic tree, the dinucleotide phylogenetic distance
D2 is deﬁned as
D2 ¼ 2t

2
X

ðas þ bs þ cs Þ.

s¼1

By solving as , bs and cs as a function of as , bs and gs , then
D2 ¼ 

2
1X
½lnð1  2as  2bs Þ
4 s¼1

þ lnð1  2as  2gs Þ þ lnð1  2bs  2gs Þ
bs o12,

gs o12

gs o12.

ð3:5Þ

with as þ
as þ
and bs þ
By using a similar reasoning with mutation matrices of
different sizes, the phylogenetic distance Dn associated with
a word (sequence) of length n can easily be generalized
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from the distance D2
Dn ¼ 

n
1X
½lnð1  2as  2bs Þ
4 s¼1

þ lnð1  2as  2gs Þ þ lnð1  2bs  2gs Þ.
The distance D1 associated with a letter is
1
D1 ¼  ½lnð1  2a  2bÞ þ lnð1  2a  2gÞ
4
þ lnð1  2b  2gÞ
and is equal to the site distance formula (6) in Kimura
(1981, p. 455) which extends the site distance formulas with
one and two substitution parameters (Jukes and Cantor,
1969; Kimura, 1980).
3.6. Remarks
Let the dinucleotide i be composed of the two letters j
and k such that i ¼ jk. For some particular dinucleotide
initial probability vectors Pð0Þ, then
Pi ðtÞ ¼ Qj ðtÞQk ðtÞ,

(3.6)

where Qj ðtÞ and Qk ðtÞ are the occurrence probabilities of
the nucleotides j and k in the 1st and 2nd dinucleotide sites,
respectively, at the time t with nucleotide initial probability
vectors Qj ð0Þ and Qk ð0Þ deduced from Pi ð0Þ. In the general
case, the relation (3.6) cannot be applied and the formula
(2.4) must be used.
The phylogenetic distance D2 (resp. its generalization
Dn ) is a sum of 2 (resp. n) site distances. This result, which
appears obvious a posteriori by using a dinucleotide (resp.
n-nucleotide) matrix, would have been tedious to prove by
using 2 (resp. n) nucleotide mutation matrices ð4; 4Þ with
different substitution parameters and such that one
substitution per time interval occurs.
4. Development of the SED (Stochastic Evolution of
Dinucleotides) web server
The SED (Stochastic Evolution of Dinucleotides) web
server is a web application for deriving evolutionary
analytical solutions of dinucleotides based on the mathematical model developed here. It will be freely available at
http://dpt-info.u-strasbg.fr/michel/.
The SED server has been implemented with the formal
calculus software Mathematica (version 5:2) and webMathematica (version 2) for adding interactive computations (calculation and visualization) to the web.
The SED server takes as input several evolution model
options which can be speciﬁed by the user. The ﬁrst option
is the choice of the evolutionary time sense of the model
which can be either direct (past-present) and based on
the formula (2.4) or inverse (present-past) and based
on the formula (3.1). The second option is the number
of substitution parameters, either 6 (a, b, c, d, e and f)
or 4 (u, v, w and x, see Section 3.3) or 2 (p and q, see
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Section 3.3). The third option is the choice of the initial
probability vector Pð0Þ which can be given in rational form
(e.g. ‘‘13’’) or in real form (e.g. ‘‘0:3333’’). A function returns
the sum of the probability vector. This sum is given either
in rational form (e.g. ‘‘1’’) if Pð0Þ contains all values in
rational form, or in real form (e.g. ‘‘1.’’) if Pð0Þ contains a
value in real form. It must be equal to 1 for starting the
computation of analytical solutions. This function is also
useful for completing the probability vector Pð0Þ such that
its sum is equal to 1.
The output of the SED server gives the analytical
solutions of the 16 dinucleotides as a function of the chosen
number of parameters and in rational form if Pð0Þ is
rational or in real form otherwise. The simplest expressions
of analytical solutions are returned, explaining that the
computation may take a few seconds on a PC.
5. Discussion
A new analytical model of gene evolution has been
developed here. It is based on a dinucleotide mutation
matrix 16  16 with six substitution parameters associated
with the three types of substitutions in the two dinucleotide
sites. It generalizes several previous models based on the
nucleotide mutation matrices 4  4 (Jukes and Cantor,
1969; Kimura, 1980, 1981; Takahata and Kimura, 1981),
and the dinucleotide model with one substitution parameter (Arquès and Michel, 1995). Several properties and
two applications of this model have allowed to derive
evolutionary analytical solutions of dinucleotides and also
a dinucleotide phylogenetic distance D2 . This distance D2
extends the classical site phylogenetic distance. According
to formula (3.5), more the dinucleotides differ more its
distance D2 increases.
Other applications of this model can be applied to
various problems. In particular, the eigenvalues given in
(2.6) as well as the structure of the matrix R ¼ Q  eDt  Q1
given in Appendix can be directly used to develop other
evolution models based on a dinucleotide mutation matrix
with six substitution parameters. For example, such a
model can be applied to analyze the CpG frequencies in/
near genes or other nonrepetitive DNA in genomes for
identifying some evolutionary properties associated with
this dinucleotide or for explaining its statistical distribution
in actual genomes or chromosomes (e.g. Sved and Bird,
1990; Karlin et al., 1994; Das et al., 2006; Saxonov et al.,
2006). Otherwise, the phylogenetic distance associated with
a sequence could also improve some algorithms of
phylogenetic tree reconstruction. Finally, the SED (Stochastic Evolution of Dinucleotides) web server has been
developed for deriving evolutionary analytical solutions of
dinucleotides, allowing the bioinformatics and biologists
community to develop their own models of evolution.

Appendix. The matrix R ¼ Q  eDt  Q1
The square matrix R ¼ Q  eDt  Q1 ð16; 16Þ can be
deﬁned by a square block matrix ð4; 4Þ whose four diagonal
elements are formed by four identical square submatrices
S1 ð4; 4Þ and whose 12 non-diagonal elements are formed
by four square submatrices S 5 ð4; 4Þ, four square submatrices S9 ð4; 4Þ and four square submatrices S 13 ð4; 4Þ as
follows
R ¼ Q  eDt  Q1
0
B
B 14
B
1 B
B 58
¼
16 B
B
B 9    12
@
13    16

14

58

9    12

13    16

S1

S5

S9

S13

S5

S1

S 13

S9

S9

S13

S1

S5

S 13

S9

S5

S1

C
C
C
C
C.
C
C
C
A

The square submatrix Si ð4; 4Þ is deﬁned as follows:
0

Fi

B
B Fiþ1
Si ¼ B
B Fiþ2
@
Fiþ3

Fiþ1

Fiþ2

Fi
Fiþ3

Fiþ3
Fi

Fiþ2

Fiþ1

Fiþ3

1

C
Fiþ2 C
C,
Fiþ1 C
A
Fi

where the function Fi associated with the ith line of R is
deﬁned as

Fi ¼

16
X

dij elj t

j¼1

with the eigenvalues lj deﬁned in (2.6) and the constant dij ,
by the following matrix d (Fig. 1).
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