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Abstract

We develop here an analytical evolutionary model based on a trinucleotide mutation matriédbdith six substitution parameters associated
with the transitions and transversions in the three trinucleotide sites. It generalizes the previous models based on the nucleotide muéstion mat
4 x 4 and the trinucleotide mutation matrix 6464 with three parameters. It determines at some firtee exact occurrence probabilities of
trinucleotides mutating randomly according to six substitution parameters. An application of this model allows an evolutionary study of tt
common circular cod€OM and the 15 archaeal circular codésvhich have been recently identified in several archaeal genomes. The main
property of a circular code is the retrieval of the reading frames in genes, both locally, i.e. anywhere in genes and in particular without a,start coc
and automatically with a window of a few nucleotides. In genes, the circular code is superimposed on the traditional genetic one. Very unexpecte
the evolutionary model demonstrates that the archaeal circular codes can derive from the common circular code subjected to random substitu
with particular values for six substitutions parameters. It has a strong correlation with the statistical observations of three archaealtoaties in ac
genes. Furthermore, the properties of these substitution rates allow proposal of an evolutionary classification of the 15 archaeal codes into t
main classes according to this model. In almost all the cases, they agree with the actual degeneracy of the genetic code with substitutions |
frequent in the third trinucleotide site and with transitions more frequent that transversions in any trinucleotide site.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction ity and tRNA content lkemura, 198% (see also the review
Ermolaeva, 2001
1.1. Presentation of the approach In this line of research, we have identified several preferen-

tial subsets of 20 trinucleotides in the reading frame of genes
The trinucleotide distribution in (protein coding) genes is not(eukaryotes/prokaryotes and archaeal genomes) by developing

random. Indeed, a few trinucleotides occur with high frequenciethree main statistical methods (frame autocorrelation function
in the reading frame of geneGfantham et al., 19§0the read-  without bias, frame trinucleotide frequency and frame permuted
ing frame being the modulo 3 frame established by the codotrinucleotide frequency)Arques and Michel, 1996; Frey and
ATG. Thistrinucleotide usage preference has beenrelated to seMlichel, 2003. The principle of these methods is simple and
eral biological factors, including translational selectiBhpaer, based on two steps:
1986; Akashi and Eyre-Walker, 199&C composition Jukes
and Bhushan, 1986; Konu and Li, 2Q08trand-specific muta- (i) a computation of the occurrence frequencies of the 64 trin-
tional bias Gharp and Matassi, 1994; Berg and Silva, 1997;  ucleotidesT = {AAA,..., TTT} in the three frames of

Campbell et al., 1999 transcriptional selection, RNA stabil- genes, i.e. the reading frame and the two shifted frames
(the reading frame shifted in thé-8' direction by one and

two nucleotides), followed by

"+ Corresponding author. Tel.: +33 3 90 24 44 62. (i) an a§S|gnment of a preferenua} frame.for t_he 64 trinu-
E-mail addresses: frey@dpt-info.u-strasbg.fr (G. Frey), cleotidesT by associating each trinucleotide with the frame
michel@dpt-info.u-strasbg.fr (C.J. Michel) in which it occurs with the highest frequency.
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Totally unexpectedly, by excluding the four trinucleotideson A of finite length greater or equal to 1. Letw; be the
made of identical nucleotideB = {AAA, CCC, GGG, TTT}, concatenation of the two words; andws.
this approach has identified the common sulsg®¥ of 20 trin- ) i .
ucleotides in the reading frame of genes belonging to two larg®efinition 1. A subsetX of A™ is a circular code iz, m > 1
and different populations of eukaryotes (26,757 sequence@Ndr1. X2.....Xu, Y1, y2..... ym € X,andr € A*,s € AT, the
11,397,678 trinucleotides) and prokaryotes (13,686 sequencequalitiessxz....x,r = y1y2... yn andxy = rs imply n = m,
4,708,758 trinucleotides)COM = {AAC, AAT, ACC,ATC, 7~ =1andx;=y;, 1<i<n (Berstel and Perrin, 1985;&al,
ATT, CAG, CTC, CTG, GAA, GAC, GAG, GAT, GCC, GGC, 1993.
GGT, GTA, GTC, GTT, TAC, TTC}. Furthermore, this set

) . C . o . A circular code is a set of words on an alphabet such that any
COM has interesting properties, in particular it is a circular

R : i . word written on a circle (the next letter after the last letter of
code @rques anq M|chgl, 1996; Lagan and M'C,hel' 20'0_1 the word being the first letter) has a uniqgue decomposition into
The observation of this preferential €#9M of trinucleotides words of the circular code. For example, Xee the six word set
in various actual genes from the two largest domains, the eukar;& — [AAT, ATG, CCT CTA GCC, GGC}’ andw. the word of
otes and the prokaryotes, is the basis of our development of g1 Ietter,SU _ ATGG,CCC%A The worcw can'be factorized

evolutiong;]y n]lodel. Indeﬁ_d,hif ar:rinu:‘:]leotidg preferential Seq[?%ircularly in two different ways: ATG, GCC, CTA and GGC,
oceurs with a frequency higher than the random one in actu CT, AAT. Therefore, the sét is not a circular code. But the

genes after (mainly) random mutations, then a realistic hypothget)? obtained by replacing the last word GGCxby GTC,

esis consists in asserting that this set had a frequency in pagt_ {AAT . ATG, CCT. CTA. GCC, GTC}, is a circular code as
higher than in actual time. In other words, the trinucleotides o he factori’zation’s of a7II the ;NOI’dS in pa;ticulzar are unigue

COM are the basic words of the “primitive” genes (genes before An important property of a circular code is the automatic

evolution). Therefore, the evolutionary model proposed will beretrieval of the construction frame of a word. Indeed, the con-

ba_ls_e d on two processes. a construction'proces.s with "’.‘_randogﬂuction frame of a word generated by a concatenation of the
mixing of the 20 trlnucleotl_des OCOM with e_qurobablllty .words of a circular code can be retrieved after the reading, any-
(1/20) followed by an evolutionary process with random SUbStI'where in the word, of a certain number of nucleotides depending

tutions W?'Zh "’?trf] modtelled.t.by SIX p:rtameterga,_ © d’.e ?hndth onthe code. This series of nucleotides is called the window of the
fgssoma_e Wi € transitions and transversions in the treg, ., .5; code. The main biological consequence of this property
trinucleotide sites, respectively:andb (resp.c andd, ¢ and

the t i bstitution f Gt is the ability to retrieve the reading frames in genes, both locally,

jt‘)hareth € transi |ogst'(tat'su ? ution rom.or)(ejzl puri_llf\et }tho i.e. anywhere in genes and in particular without a start codon,

€ other, or a Substitution from one pyrimi (e, T} to € and automatically with a window of a few nucleotides. Such an
other) and the transversions (a substitution from a purine to

O . : . X _ ﬁ‘nportant property might be involved in the transcription and
E)élrén;l%lgijigsremprocally) in the first (resp. second, third) trin- the translation apparatus of primitive genes.

As the primitive genes will be constructed by trinucleotides,l 22 A eular code in eukarvotic and
the mathematical model will be based on a trinucleotide muta-" 'k. ;f)mmon clreuiar coce m eukaryohic an
tion matrix 64x 64 with six substitution parameters. Therefore,PTOXATYoHC genes

it generalizes the previous models, in particular the nucleotid@)efinition 2. The (left circular) permutatior of a trinu-
mutation matrices 4 4 at one substitution parametelukes  jeotide w = lolilo, lohlz € T, is the permuted trinucleotide
and Cantor, 1969two parameters (transitions and tranversions)p(w) = llslo, €.9P(AAC) = ACA. This definition is naturally
(Kimura, 1980 and the trinucleotide mutation matrix 6464  axtended to the permutation of a trinucleotide set: The permu-
with three substitution parametersrques et al., 1998 tation P of a set of trinucleotides is the permuted trinucleotide

The evolutionary model proposed here will show that theset gptained by the permutati@hof its trinucleotides.
archaeal circular codes which have been recently identified in

several archaeal genomes, can derive from the common circular We cite the main properties of the circular cad@M which
codeCOM after a certain time of evolution and with particular are defined, proved and commenteAigués and Michel (1996)
values for the six substitution parameters. It has a strong correndLacan and Michel (2001)

lation with the statistical observations of three archaeal codes in

actual genes. () a maximal circular code, i.e. with 20 trinucleotides, as it
In next two Sectionsl.2 and 1.3 the two stages of our cannot be contained in a larger circular code, i.e. in a set
approach are briefly detailed: the observation of circular codes  with more words,
in genes and the two processes of the evolutionary model. (i) a C2 code, i.e. a maximal circular code such that its two
permuted sets are also maximal circular codes (a circular
1.2. Circular codes in genes code is not necessarily@ code),
(i) a self-complementary code, i.e. 10 trinucleotides are com-
1.2.1. Definition and basic properties (detailed in Arques plementary to the 10 other trinucleotides,
and Michel, 1996, in particular) (iv) arare code, as the probability that a random set of 20 trinu-
A being afinite alphabef\* denotes the words ah of finite cleotides without permuted trinucleotides is a circular code

length including the empty word of length 0 aad, the words isonly 62 x 1078,
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(v) an evolutionary flexible code, in particular with an occur- fore, the 15 archaeal cod¥®ccur with frequencies higher than
rence of the four types of nucleotides in the three trinu-the common cod€OM in the archaeal genomes.

cleotide sites, The analytical evolutionary model developed in the next sec-

(vi) a common code with a “universal" distribution in the tion, will demonstrate that the archaeal circular codes can derive

eukaryotic and prokaryotic genes. from the common circular code subjected to random substitu-
tions.

The different biological consequences of these properties, in
particular on the two-letter genetic alphabets, the genetic codb3. An evolutionary model based on the common circular
and the amino acid frequencies in proteins, are presented, eqpde

in Argués and Michel (1996)
Founded onthe principle described in Introduction, the model

1.2.3. Circular codes in archaeal genomes is based on a construction process which generates “primitive”
Archaea have features that are either unique, typicallg€nes according_ to a random mi>_<ing of_ the 20.t_rinucleotides
prokaryotic or typically eukaryoticRernander, 2000; Woese, of the common circular cod€OM with equiprobability (1/20).
2000; Forterre, 2001 They possess a prokaryotic mode of This codeCOM has been chosen not only because it is “univer-
cellular organisation, e.g. no nuclear envelope, circular DNAS@l"; as already mentioned, but also as it has stronger properties,
molecules organized similarly to those of prokaryotes, etc. Offt particular the self-complementary one, which do not exist
the other hand, they present many eukaryotic similarities in theit? the archaeal codes. This process is not sufficient for retriev-
replication, transcription and translation processes, e.g. introri§9 the archaeal codes and an evolutionary process is added to
in tRNA genes, protein synthesis initiation with unformylatedthe construction one. This evolutionary process transforms the
methionine, etc. primitive genes into simulated actual ones. Substitutions with
Very surprisingly, the method based on the frame permutedifferent rates in the three sites of the 20 trinucleotides of the
trinucleotide frequency, a quantitative, sensitive and automatieode COM will generate other trinucleotides, distribute them
statistical method for searching circular codes in genes (detailegfcording to a non-balanced way in the hope of retrieving pref-
in Frey and Michel, 2008 has recently identified 15 new cir- erentially the trinucleotides of the actual archaeal codes.
cular codesX in 16 archaeal genomes, the two genomes The aim of this mathematical model consists in determining
archeoglobus and aeropyrum having the same cbasy(and  the analytical solutions of the occurrence probabilities of the

Michel, 2003 Appendices A and B These 15 archaeal codes common cir_cular cod€oOM r_:md the.15 archaea_l circulqr cgdes
X are allC® codes but without the important property of self- X as afunction of the evolutlon{;\ry timand the six substitution
complementary existing in the commai codeCOM. parameters, b, ¢, d, e andf (Sectior?). It should be stressed that

In order to quantify the preferential occurrence of an archaedhis stochastic approach with exact solutions, relies on a gene
code X compared to the common cod&M in an archaeal evolutionary physical model based on random substitutions in
genomes, the following probabilities are defined. LE{(G) be ~ Simulated sequences. However, in order to get computer results
the occurrence probability of a trinucleotide e {1,...,64}  With a good approximation, a population of large sequences
representing the 64 trinucleotid@s in the genes of a genome must bg simulated in the statistical analysis, which is time
G. As the trinucleotided (AAA, CCC, GGG and TTT) are not €ONnsuming.
considered in a circular code (by definition) and therefore, not The model will demonstrate here that the archaeal circular
computed in the occurrence probability of a circular code, theodes can derive from the common circular code after a certain

occurrence probability’(X, G) of a codeX in a genomes is evolutionary time of random substitutions in the common code
renormalizing and with particular values for the six substitution parameters.

>icx Pi(G)
P(X,G) = ZieX 7 .
> er_7 Pi(G) 2. Mathematical model

Then, in an archaeal genon®, the probability difference The mathematical model will determine at an evolutionary

Pr(X, COM, G) evaluates simply the preferential occurence oftime 1 the occurrence probabilit(X, 7) of a circular codex

the codeX compared to the cod€OM as follows whose trinucleotides mutate according to six real substitution

Pr(X, COM, G) = P(X, G) — P(COM, G). (1.1) paramete_ra, b_, ¢, d,e andfgssomat(_ad Wl_th the transitions and
transversions in the three trinucleotide siteandb (resp.c and

In the 16 archaeal genomes, RrCOM, G) > 0, Pr(MSA, d, e andy) are the transitions and the transversions in the first

COM, G ysa) = 1.22% being the lowest valugdble ). There-  (resp. second, third) trinucleotide sites, respectively.

Table 1
Probability difference PX, COM, G) = P(X, G) — P(COM, G) (in %) between an archaeal circular cadand the common circular codeOM in 16 archaeal
genomess

GenomeG AG AP HB MC MP MSA MSM  MT PB PCA PCF  PCH  SLS SLT TPA TPV
Pr(X,CoM, G) 4.80 6.61 3.45 9.64 5.23 1.22 2.54 2.70 5.63 7.32 7.72 5.08 7.37 11.43 5.46 5.51
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By convention, the indexes j € {1, ..., 64} represent the diagonal elements are formed by four identical square submatri-
64 trinucleotidedT in alphabetical order. The occurrence prob-cesC (4, 4) and whose 12 non-diagonal elements are formed by
ability P;(r + dr) of a trinucleotidei at a timer + dr is equal  four square submatrices (4, 4) and eight square submatrices
to the occurrence probability;(¢) of this trinucleotidei at the  (d/2)I (4, 4) as follows
time r minus the substitution probability of this trinucleotide
during [t, t + df] and plus the substitution probabilities of the C (@2 el (d/2)1
trinucleotides;, j # i, into the trinucleotidé during |, 1 +dr] 5 _ (@21 c (d/2)1 cl

64 - cl (d/2)I C (d/2)]
Pi(t + dr) = Pi(t) — adtPi(t) + adt Y _ P(j — ))Pj(r)  (2.1) d/2)t ¢l (d/2)1 C
j=1

Finally, the square submatrx (4, 4) is equal to
wherea is the probability that a trinucleotide is subjected to

one substitution during an unit interval of time and where 0 f/2 e J2
P(j — i) is the substitution probability of a trinucleotigénto | 12 0 /2 e
a trinucleotidei. The probabilityP(;j — i) is equal to O if the | e 12 0 f2
substitution is impossiblg &nd;i differ more than one nucleotide fl2 e f12 0

as d is assumed to be enough small that a trinucleotide cannot o .
mutate successively two times during dtherwise it is given ~ The matrixA is stochasticwhea +b+c+d +e+ f=1.

as a function of the six substitution ratesb, c, d, e andf. The differential Eq(2.3)can then be written in the following
For example with the trinucleotide AAA associated wits 1,  form
P(GAA — AAA) =q, P(CAA — AAA) = P(TAA —

P'(ty=M - P(1)
AAA) =b/2, P(AGA — AAA) =c¢, P(ACA — AAA) =

P(ATA — AAA) = d/2, P(AAG — AAA) = e, P(AAC —  with
AAA) = P(AAT — AAA) = f/2 andP(j — AAA) = 0 with

j ¢ [AAC, AAG, AAT, ACA, AGA, ATA, CAA, GAA, TAA}. M =41
With an appropriate unit of time, the probabilityis equal to As the six substitution parameters are real, the matis¢eal
1,i.e. there is one substitution per trinucleotide per unit of timeand also symmetrical by construction. Therefore, the matrix
Then, the formulg2.1) becomes is also real and symmetrical. There exists an eigenvector matrix
64 0 and a diagonal matri® of eigenvalues.; of M ordered in

P;(r + dr)— Pi(r)

~ Pl(f) = —P'(l)+z P(j—i)Pi(f). (22) the same way as the eigenvector columngiso thatM =
dt ! ' R

P Q-D-Q 1 Then,

By considering the column vectd¥(r) = (P;(:))1<icesamade  P'()=Q-D-Q*- P(r).
of the 64 P;(¢) and the mutation matrix (64, 64) of the 4096
trinucleotide substitution probabilitigy j — i), the differential
Eqg.(2.2) can be represented by the following matrix equation

P(t)=—P@t)+A-P(t) = (A—1I)- P(r) (2.3)

This backward equation has the classical solution (see, e.g.
Lange, 200%

P(t)y=0Q-€”. 07t P(0) (2.4)

where é” is the diagonal matrix of exponential eigenvalugs.e

The eigenvalues; of M are deduced from the eigenvalues
ui of A such thaty, = ux — 1. The eigenvalueg, of A can be
btained by determining the roots of the characteristic equation
et(A — nI) = 0 of A using its block matrix properties. There-
fore, after linear combinations, the determinant det( 1) is
equal to

det(A — 1) = det(B — (—a + b+ w)I)

where[ represents the identity matrix and the symhothe
matrix product.

The square matrid (64, 64) can be defined by a square
block matrix (4, 4) whose four diagonal elements are formedg
by four identical square submatricBg16, 16) and whose 12
non-diagonal elements are formed by four square submatrices
(16, 16) and eight square submatriceg)! (16, 16) as follows

1=+ 16 17---32 33--- 48 49--- G4
1.--16 | B (I al ()1 x detB — (-a—b+w)l)

A= 17 32| ®or B (b2)1 al : x [det(B — (a + )] (2.5)
3348 (b1 B (b1 As the matrixB has a block structure similar to the matrx
49--- 64 | (b2 al (b1 B the form of the determinant dét(— v/) can be easily deduced

i from det(d — uf
The index ranges{l,...,16}, {17,...,32}, {33 ...,48} rom det(d — 1)

and {49,...,64} are associated with the trinucleotides det(B — vI) = det(C — (—c +d + v)I)
{AAA, ... ATT}, {CAA,...,CTT}, {GAA,...,GTT} and

{(TAA, ..., TTT}, respectively. The square submatBix16, 16) x detlC — (=c—d +v)l)
can again be defined by a square block matrix (4, 4) whose four x [det(C — (c + v)I)]?.
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Therefore, by substituting i(2.5)v=—a+b+ u,v= —a —
b+ porv=a+ u,the determinant det(— /) becomes

detA — pul) =detC — (—a+b—c+d+ )l
x detC —(—a+b—c—d+ w)l)
x detC —(—a—b—c+d+p)l)
x detC —(—a—b—c—d+ )l
x [det(C — (—a+ b + ¢ + w)D)]?
x [det(C — (—a — b+ ¢ + w)D)]?
x [det(C — (a — ¢ +d + 1))
x [det€ — (@ — ¢ — d + p)I)]?
x [det(C — (a + ¢ + n)N]*. (2.6)

After linear combinations, the determinant det¢ £7) is equal
to

detC —&l) = (e— f —&)e+ f —&)(—e — &)

Therefore, by substituting in2.6) E=—a+b—c+d+
w, E=—a+b—c—d+u, E=—a—-b—c+d+pun, £€=
—a—-b—c—d+pé=—a+b+c+pé=—a—-b+c+

ct+e+ firg=—1—a—c+e— f.Thereisone eigenvalue
of algebraic multiplicity 827 = —-1—a—c —e.

The 64 eigenvectors a¥ff associated with these 27 eigen-
valuesi; computed by formal calculus can be put in a form
independent of;, b, ¢, d, e andf (data not shown).

The independent mixing of the 20 trinucleotides @M
with equiprobability (1/20) leads to the following initial vector
P(0) =[0, 1/20, 0, 1/20, 0, 1/20, 0, 0, 0, 0, 0, 0, 0, 1/20, 0, 1/20,
0,0, 1/20,0,0,0,0,0,0,0,0,0, 0, 1/20, 1/20, 0, 1/20, 1/20,
1/20, 1/20, 0, 1/20, 0, 0, 0, 1/20, 0, 1/20, 1/20, 1/20, 0, 1/20, 0,
1/20,0,0,0,0,0,0,0,0,0,0, 0, 1/20, 0, 0].

The formula(2.4) with the 64 trinucleotide probabilities
P;(0) before the substitution process<£ 0), the diagonal matrix
eP’ of exponential eigenvalues+ of M, its eigenvector matrix
Q and its invers@ 1, determine the 64 trinucleotide probabili-
ties P;(¢) aftert substitutions as a function of the six substitution
parameters, b, ¢, d, e andf. As a circular cod& cannot con-
tain a trinucleotidel by definition, the occurrence probability
P(X, 1) of a circular cod&X at the substitution stepis

ZieX Pi(t)
D ieT—T Pi(r)

Finally, the evolutionary analytical formul(C OM, t) of the
common circular cod€0OM as a function of the six substitution

P(X,1) =

w,éE=a—c+d+upu E=a—-c—d+poré=a+c+pu,
the determinant def( — 1) is obtained

detA —pul)=(a+b+c+d+e+f—pa+b+c+d+e— f—pu)a+b+c—d+e+ f—pun)
xa@+b+c—d+e—f—ua—b+c+d+e+f—ua—b+c+d+e— f—p)
xa—b+c—d+e+f—wla—b+c—d+e— f—u)
x(@+b+c+d—e—pa+b+c—d—e—p)a+b—c+e+ f—p)?
x(a+b—c+e—f—pwa—b+c+d—e—p)?a—b+c—d—e—p)?
x(a—b—ct+e+f—mwla—b—ct+e—f—p(—a+c+d+e+ f— )
x(—a+c+d+e—f—p(—a+c—d+e+ f—p’(—a+c—d+e— f—p)?
x(a+b—c—e—pwa—b—-—c—e—p)(—a+c+d—e—p)*
x(—a+c—d—e—w)(—a—c+e+ f—w(-a—c+e—f—wH-a—c—e—pn)d

Therefore, there are 27 eigenvalugsof M. There are eight
eigenvalues of algebraic multiplicityd; = —1+a+b+c +
d+e+ f, Mo=—-14a+b+c+d+e—f, rz3=-1+
a+b+c—d+e+f, Mm=-14+a+b+c—d+e—f,
rMm=—-1l+a—-b+c+d+e+f, re=-1+a—-b+c+
d+e—f, M=-14a—-b+c—d+e+ f and rg=—
l1+a—b+c—d+e— f. There are 12 eigenvalues of alge-
braic multiplicity 2: \g=—-14+a+b+c+d—e, Aio= —
l1+a+b+c—d—e,1=-14a+b—c+e+ f,A12=
—1+a+b—c+e—f, AM3=-14a—-b+c+d—e,
AMa=-14+a—-b+c—d—e, Ms=-1+a—b—c+e+
fy M6=—-14a—-b—c+e—f, M7=-1l—a+c+d+
e+ f, Mgs=-1—a+c+d+e—f, Mio=—-1—a+c—
d+e+f and Ap=-1l—a+c—d+e— f. There
are six eigenvalues of algebraic multiplicity 41 = —
l4+a+b—c—e, to=-14+a—-b—c—e, Az=-1-—
a+c+d—e, Ap=-1—a+c—d—e, Ag=-1—a—

ratesa, b, ¢, d, e andf associated with the transitions and the
transversions in the three trinucleotide sites, can be expressed
as a function of eigenvalueg of M

1
P(COM, 1) = 5(1oo+ 252" 4 4 4 255 | 16

+€7" 4+ 13 4 510 4 361V 4 2¢12
+ 53 4 el | oghs! 4 137 | Gghe
+ 519 4 @20t 4 o2l 222l | g2
4 2¢24 4 2¢2s! | 226 | 82T (2.7)
with the denominatob

D = 150— & 4 46! — 7' | ghatl | 3¢h2

+ 2@23! _ 2@241 + e}LZSI + 3@261_ (28)
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Table 2

Initial probabilities P(X, 0) of the 15 archaeal circular cod&s

X AG/AP HB mc MP MSA MSM MT PB PCA PCF PCH SLS SLT TPA TPV
7 7 1 7 3 7 3 3 7 3 3 11 1 7 7

P(X,0) — — = — - - - — - = — = — —
10 10 2 10 4 10 4 4 10 5 5 20 2 10 10

In Appendix G we give the evolutionary analytical formulas occur with the same probability P(w, t) = (5/20)/32= 1/128

P(X, t) of the 15 archaeal circular cod&sfor the reader who
wants detailed results (see also Sectpn

Property 1. The initial probability P(COM, 0) (resp. P(X, 0))
of the code COM (resp. an archaeal code X) at the timet = Qcan
(obviously) be obtained from the analytical solution P(COM, t)
(resp. P(X, 1)) with t = 0 or also by a simple probability calcu-
lus.

The probability P(COM, 0) is equal to 1 as the primitive
genes in this evolutionary model are generated by the code COM
(20 among 20 trinucleotides).

The probability P(X, Q) is also equal to the ratio of the num-
ber of common trinucleotides between COM and X to 20. These
probabilities P(X, 0) are given in Table 2

Property 2. The probability P(COM, t) (resp. P(X, t)) of the
code COM (resp. an archaeal code X) at the limit time t — 00
can (obviously) be obtained from their limit study or also by a
simple probability calculus.

Whatever a, b, c,d, e, f €]0, 1] such that a+b+c+d +
e+ f= 1,tir20 P(COM,t) = zILrQo P(X, t) = 1/3.Indeed, the
six substitutions in the 20trinucleotides of COM, or X, generate
the 44 other trinucleotides. When t — 00, the 64 trinucleotides
T occur with the same probabilities and therefore, the prob-
abilities of COM and X are equal to 20/60 = 1/3 (the four

trinucleotides T being not considered).

Property 3. When one (or more) substitution has a rate equal

to 0, some trinucleotides may be either not generated or gen-

erated without equiprobability and rlim P(COM, ) #1/3, or
—00

llim P(X,1) # 1/3. As an example, we explain by a simple

— 00

probability calculus why tlim P(COM,t) =5/12when b = 0.
— 00

The code COM has 20 trinucleotides with 15 trinucleotides
beginning with a purine base forming the set COMpg and five
trinucleotides beginning with a pyrimidine base forming the
set COMy, i.e. COM = COMpgr U COMy. Each trinucleotide
w € COM occurs with the same probability P(w) = 1/20. As
there are purine and pyrimidine bases in the first trinucleotide
sites of COM and as the transitions and the transversions are
allowed in the second and third sites of COM (c, d, e, f > 0),
the 64 trinucleotides T are generated during the evolutionary
process. Among these 64 trinucleotides T, let Tg be the set of
the 32 trinucleotides beginning with a purine base and Ty, the
set of the 32 trinucleotides beginning with a pyrimidine base,
i.e. T =TgrUTy. As in the first sites of COM the transitions
are allowed (a > Q) but not the transversions (b = 0), the trin-
ucleotide set Tg can only be generated from COMpg. When
t — 00, the trinucleotides of COMpg and T g occur with the same
probability P(w, t) = (15/20)/32 = 3/128 with w € COMRp.
Similarly, when t — 00, the trinucleotides of COMy and Ty

with w € COMy. The trinucleotides AAA and GGG (resp. CCC
and TTT) belong to Tg (resp. Ty). Therefore, when t — oo,
the trinucleotides T occur with the same probability P(w,t) =
(6+ 2)/128=1/16 with w € T. Finally, tl_l)rgo P(COM, 1) is

equal to

2 weCOMRUCOMy Nim P(w, 1)

lim P(COM, 1) = -
t—00 ( ) 1—1lim P(w,t)
t—00

weT

_ (45+5)/128 5
T 1-(1/16) 12

Property 4. The evolutionary analytical formula Q(COM, t) of
the common circular code COM as a function of the three sub-
stitution rates p, q and r associated with the three trinucleotide
sites, respectively, is a particular case of P(COM, t) with a =
p/3,b=2p/3,c =¢q/3,d =2q/3,e =r/3and f = 2r/3

Q(COM, 1)

1
2D
4 196 WAA—p—a) | 5 @31 | 1ge4/3)1-p—r)

+ 19e7<4/3)(17q7r)r)

(50 1286 (43 4 5 @/3)(1-pi 4 1pe4/3)(1-a)

with the denominator D

D = 75+ 2 (/3 4 3¢ (4/3)1-a)

3. Results

The 15 archaeal codes have initial probabilitiesP(X, 0)
ranging from 0.5 to 0.75, the two cod@sC and SLT having
the lowest ones, and the three codéSA, MT and PB, the
highest onesTable 2. All these 15 probabilitiesP(X, 0) are
significantly below than the initial probability(COM, 0) = 1

of the common cod€OM. Therefore, a random mutation pro-
cess seems a priori completely unable to derive an archaeal code

X from the common cod€OM by decreasing the probability

curveCOM faster than aix one and then, by crossing itin order

that a codeX occurs with a higher probability.

The stochastic model developed here, allows the investigation
of such a property by searching for a probability curve cross
with each archaeal codg i.e. by searching for the existence of

a positive probability difference

Pr(X,COM,t) = P(X,t) — P(COM,t) > k (3.1)
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Table 3
Substitution rate barycenters (in %) of the solution spaces for the 15 archaeakcaggsthat each codeoccurs with a probability higher than the common code
CoM (Eq.(3.1)

X a b c d e f p=a+b g=c+d r=e+ f
AG/AP 24.9 19 145 188 134 265 268 333 399
HB 193 349 80 9.3 7.5 210 542 17.3 285
MC 105 29 206 206 17.0 284 134 412 454
MP 204 309 22 47 123 295 513 6.9 418
MSA 145 45 183 191 17.6 260 190 374 436
MSM 158 45 189 189 181 238 203 378 419
MT 17.8 35 180 199 160 248 213 379 408
PB 199 18 147 200 144 292 217 347 436
PCA 175 31 174 198 162 260 206 372 422
PCF 10.2 35 186 210 170 297 137 396 467
PCH 106 34 188 205 168 299 140 393 467
SLS 106 29 203 204 17.2 286 135 407 458
SLT 106 30 212 199 176 277 136 411 453
TPA 199 316 164 226 0.3 9.2 515 390 9.5
TPV 14.3 4.0 199 191 186 241 183 390 427
Table 4

Substitution rate barycenters (in %) of the solution spaces for the three archaeakcededSA, MSM, MT} such that each codéhas an occurrence probability
difference with the common cod80OM higher than the one observed in its genome (B)and Pr, COM, G) (1.1)given in % (Table 1)

X Pr(x, COM, G) a b c d e f Figure
MSA 1.22 13.8 2.8 18.3 19.9 17.6 27.6 1
MSM 2.54 15.0 1.4 19.0 20.3 18.3 26.0 2
MT 2.70 17.9 0.02 17.2 21.9 16.3 26.7 3

k being chosen equal to 0.5% for a significant difference. Each  (iiie) the classC,, containing the codesfSA and MSM

substitution rate, b, ¢, d, e andf varies in the range [0,1] with with b ~ 4.5%.
a step of 1% such that their probability sum is equal to 1,7zand ] N ]
in the range [0,15]. However, the existence of a positive difference does not

Very unexpectedly, all archaeal codésan be derived from  Simulate reality completely. Therefore, a stronger property has
random substitutions in the common cadeM. Indeed, the dif-  been studied by chosenequal to Prk, COM, G) ((1.1) and
ference Prk, COM, 1) can be positive for all codesfor some Table 1) i.e. by searching for a probability difference between
values of the substitution parametéFable 3gives the barycen- €ach archaeal codéand the cod€®OM which is greater than
ters of the solution spaces (not given) of the six substitutiorfh€ one observed in its genome
ratesa, b, ¢, d, e andffor the 15 archaeal codes. The barycenterpr(x, com, 1) = P(X, t) — P(COM, t) > Pr(X, COM, G)
rates allow proposal of a classification of the 15 archaeal codes

according to this evolutionary model with six parameters. Three (3.2)
main classes can be observed according to the low values of the Three applications of the model are strongly correlated with
substitution ratesTable 3: the archaeal codégSA, MSM andMT (Table 4.

Fig. 1 (resp. 2 and 3) gives a graphical representation
of the analytical solutions?(COM, ) (2.7) and P(MSA,t)
(resp. P(MSM, t) and P(MT,t)) (Appendix Q in its sub-
stitution rate barycenterTéble 4. The curve P(MSA,t)
(resp. P(MSM, t) and P(MT,t)) crossesP(COM, 1) at tc ~
251 (resp. 2.29 and 2.69) and is correlated with the actual
genes in the achaeal genom#&SA (resp. MSM and MT) at
ta~ 3.24 (resp. 3.44 and 5.48) as PI§A, COM, 3.24)~
Pr(MSA, COM, G ysa) = 1.22% (resp. PIMSM, COM, 3.44)
~ Pr(MSM, CcOoM, GMSM) = 2.54% and PI'MT; CcoMm, 548)
~ Pr(MT, COM, G y7) = 2.70%).

(i) the clas<, with low substitutions in the third site (< 1%
and f < 10%, and- < 10%) containing one cOdEPA,

(i) the classC, with low substitutions in the second site £
10% and! < 10%, and; < 15%) containing the codé#B
andMP,

(iii) the class C, with low transversions in the first site
(b < 5% ) which can be divided into five subclasses accord
ing to the values ob:

(iia) the classCy, containing the codedG/A P andPB
with b ~ 2%,
(iiib) the clas<’, containing the code®C, PCA, SLS and

SLT with b ~ 3%, 4. Discussion
(iiic) the clas<y, containing the code¥ T, PCF andPCH
with b ~ 3.5% Anew analytical evolutionary model has been developed here

(ilid) the clasCy, containing the cod&PV with b ~ 4% iy order to generalize several previous models based on the
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Fig. 1. Evolution of the common circular cod®M and the archaeal circular  Fig. 3. Evolution of the common circular cod#®M and the archaeal circular
codeMSA in its substitution rate barycenter (in %):= 138, b =28, c = code MT in its substitution rate barycenter (in %):= 17.9, b = 0.02, ¢ =
183,d = 199,¢ = 17.6 andf = 27.6 (Table 4. The curveP(MSA, r) crosses  17.2,d =219, e = 16.3 and f = 26.7 (Table 4. The curveP(MT, t) crosses
P(COM, 1) att. ~ 2.51 and is correlated with the actual genes of the achaealp(COM, 1) at1. ~ 2.69 and is correlated with the actual genes of the archaeal
genomeVSA atry ~ 3.24. genomeMT att, ~ 5.48.

nucleotide mutation matrices x4 (Jukes and Cantor, 1969;
Kimura, 1980 and the trinucleotide mutation matrix 6464 at
three substitution parameterdrues et al., 1998 It has been

values of these actual times in this model suggest a time of evo-
lution which increases fromSA, MSM to MT. Note also that

applied for deriving the evolutionary probabilities of the Com_the shortest crossing time does not imply necessarily the short-

mon circular codeCOM and 15 archaeal circular cod&sas a €St actual time ag = 2.29 for MSM anda = 3.24 for MSA. A
function of the time and six substitutions parameters associated7Ond correlation with the 12 other archaeal codes requires an

with the transitions and transversions in the three trinucleotidémpm\_’emem of th's model, e.g. by ad.dmg. additional parame-
sites. ters with a numerical model or by considering non symmetrical

Very unexpectedly, the archaeal codesan derive from the ~Mutation matrices, etc. o
common cod€OM subjected to random substitutions with par- The low values of the substitution rate barycenters allow pro-
ticular values for the six substitution parameters. The mode[posal of an evolutionary classification of the 15 archaeal codes
demonstrates this existence by finding a positive probability dif-m_tO three main classes, a class containing the GGE\e aclass
ference Prk, COM, 1) (3.1) for all archaeal codesTable 3. with the two codes/B and MP, and a class containing the 12

Furthermore, it has a strong correlation with the three archae&§Maining codes which can be subdivided into four subclasses
codesMSA, MSM andMT. Indeed, the probability differences (Table 3and Sectior8). _ _
Pr(X, COM, ) (3.2) obtained in this model can be greater than The codeTPA is the unique archaeal code with low substi-

the probability differences PX{ COM, G) observed in their tutions in the third trinucleotide sites, i.e< 10% (Table 3,
genomes Table 4andFigs. 1-3. The “crossing” times are in total contradiction with the actual degeneracy of the genetic

2,51, 2.29 and 2.69 faMSA, MSM and MT, respectively, and code Ermolaeva, 200\ This result suggests that the caed

their “actual” timesza, 3.24, 3.44 and 5.48, respectively. The is the only among the 15 identified archaeal codes which has
' ’ ' not evolved from the common codg)M. It can be supported

by the biological fact that several genes in the arcifashave

I
' been acquired by lateral transfert from the arch&efwhich

091 is only among the other archaea with living in the same ther-
08" moacidophilic environmenRuepp et al., 2000
; The codesdiB andMP have low substitutions in the second
S 077 trinucleotide sites, i.eq < 20% (Table 3. The same evolu-
T o6l tionary class for the archaedB and MP can be explained
biologically by their high intracellular salinity which involves
057 several specific genes not useful in the other arch@kssérev
04l etal., 2002.
; The 12 other archaeal codes are classified into five classes
037 5 4 p 8 0 Ch1» Chy, Cis, Cp, andCyy as a function of low transversions in
t the first trinucleotide sited] (Table 3. In all these five classes

of codes, the rateis higher tharny which itself is higher thap
Fig. 2. Evolution of the common circular cod®M and the archaeal circular (r >q>p in C,,, Table 3 in agreement with the actual degen-

code MSM in its substitution rate barycenter (in %)= 150, b = 1.4, c = . . . L
190,d = 20.3,¢ — 183 andf = 26,0 (Table 4. The curveP(MSM, /) crosses ~ ©12CY of the genetic code in which the substitutions are the most

P(COM, 1) atic ~ 2.29 and is correlated with the actual genes of the archaeaff€quent in the third sitessfmolaeva, 2001 Furthermore, as
genomeMSM atry ~ 3.44. the transversions are associated with two mutation events com-
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pared to the transitions with one mutation event (see the matricedgorithms of phylogenetic tree reconstruction and sequence
A, B andC in Section2), the transitions are more frequent that alignment.

the transversions in each of the three sites of these five classes

of codes ¢ > b/2, ¢ > d/2 ande > f/2 in C;, except for one . . .

among 36 cases withB in the third siteTable 3, in agreement APPendix A. List of the 16 archaeal genomes studied

with the chemical properties of the nucleotides (one carbon2nd their abbrevations

nitrogen ring for pyrimidines and two carbon—nitrogen rings for GenomeG 4: Archeoglobus (fulgidus) with 2407 genes con-
purines) and the complementary base pairing showing a univer- taining 1989 kb (Euryarchaeota EA)

sal transition/transversion rate bias in genon@shfman, 2003; Genomes 4 p: Aeropyrum (pernix) with 2694 genes containing

Rosenberg et al., 2003 _ 1916 kb (Crenarchaeota CA)
The variations of the curveB(COM, t) of the common cir- GenomeG y: Halobacterium (sp.NCR-1) with 2058 genes
cular codeCOM and P(X, t) of the 15 archaeal circular codes containing 1761 kb (EA)

X, giving their trinucleotide probabilities as a function of six GenomeG yc: Methanoccocus (jannashii) with 1709 genes
substitution parameters under a random evolutionary process, containingi 1444 kb (EA)

cannot obviously be predicted without modelling as their ana- Genomes 4 p: Methanopyrus (kandleri) with 1678 genes con-
lytical solutions are based on a sum of several exponential terms, taining 1492 kb (EA)

e.g. 23 terms for the numerator 5{COM, 1) (2.7) The prob- — Genomes .« Methanosarcina acetivorans with 4440 genes
ability differences between the trinucleotides in the primitive containing 4162 kb (EA)

genes (at = 0), have still some effects after a great number GenomeG ysy: Methanosarcina mazei with 3371 genes con-
of random substitutions in genes, e.g.tat 10 in Figs. 1-3 taining 3065 kb (EA)

The primitive traces generated by these trinucleotide variations,Genome G yr: Methanothermobacter (thermautotrophicus)
can still be observed after a long period of random evolution, with 1868 genes containing 1575 kb (EA)

even if noise increases. Several properties with these prObab"ityGenomerB: Pyrobaculum (aerophilum) with 2605 genes
curves have been observed for particular values of the six substi- containing 1968 kb (CA)

tution rates: curves with crossings, curves with a local minimum, GenomeG pca: Pyroccocus abyssi with 1762 genes containing
curves with a continuous increase during the random evolution- 1606 kb (EA)

ary process, curves with a series of fusions and separations, et%enomerCF: Pyroccocus furiosus with 2060 genes contain-
(data not shown). These properties have not been investigated ing 1740 kb (EA)

as they are not direcly in the subject of this paper. However, aSGenomeG pey: Pyroccocus horikoshii with 2058 genes con-
already mentioned in Sectidh the evolutionary analytical for- taining 1704 kb (EA)

mulas P(X, ) of the 15 archaeal circular cod&sare given in GenomeG; s: Sulfolobus solfataricus with 2994 genes con-
Appendix Cfor the reader who wants to deepen the analysis of taining 2525 kb (CA)

these stochastic curves. GenomeGs; 7 Sulfolobus tokodaii with 2826 genes contain-

The biological meaning of this evolutionary model would ing 2276 kb (CA)
suggest that the primitive genes (at 0), are constructed by Genomeip,: Thermoplasma acidophilium with 1478 genes
trinucleotides of the common circular codéoM. Only 20 containing 1359 kb (EA)

among 64 trinucleotides would have been necessary. The 2Q3enomeGTpV: Thermoplasma volcanium with 1523 genes
types of trinucleotides as well as the type of their concatenation containing 1353 kb (EA)

are determined in this model. Indeed, the 20 trinucleotides are

defined by the setOM which is a maximal self-complementary

€3 code (Sectionl.2.9. Furthermore, the independent con- Appendix B. List of the 15 archaeal circular codes

catenation of these 20 trinucleotides with equiprobability is

the simplest type of concatenation and therefore, compatibleCode AG/AP: AAC, AAG, ATA, ACC, GAC, TAC, AGC,

with a primitive stage of gene evolution. A Markov concatena- ~ GAG, GTA, ATC, ATG, ATT, GCC, CTC, GCG, GTC,

tion of trinucleotides (based on a stochastic matrix) would have ~ CTG, TTC, GTG, GTT

been too complex at this primitive time. The model developed CodeHB: AAC, AAG, AAT, ACC, GAC, TAC, CAG, GAG,

here has demonstrated that the 15 circular codes observed in TAG, ATC, ATG, TAT, GCC, CTC, GGC, GTC, CTG,

archaeal genomes can derive from the common circular code TTC, GTG, TTG

subjected to random substitutions with particular values for the CodeMC: ACA, GAA, ATA, CCA, GAC, ACT, GCA, GGA,

six substitutions parameters associated with the transitions and GTA, TCA, GAT, ATT, GCC, CCT, GCG, GTC, GCT, TCT,

transversions in the three trinucleotide sites. Furthermore, ithas GGT, GTT

a strong correlation with three archaeal codes. CodeMP: AAC, AAG, ATA, ACC, GAC, TAC, CAG, GAG,
Finally, the proposed method can be applied to other prob-  GTA, ATC, ATG, ATT, GCC, CTC, GCG, GTC, CTG,

lems. In particular, the eigenvalues obtained here can be directly TTC, GTG, TTG

used to develop similar evolutionary models based on a trin-CodeMSA: AAC, GAA, ATA, ACC, GAC, TAC, GCA, GAG,

ucleotide mutation matrix with six substitution parameters.  GTA,ATC, GAT, ATT, GCC, CTC, GGC, GTC, GCT, CTT,

Such a trinucleotide mutation matrix could also improve some ~ GTG, GTT
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CodeMSM: AAC, GAA, ATA, ACC, GAC, ACT, GCA, GAG,
GTA, ATC, GAT, ATT,GCC, CTC,GGC, GTC, GCT, CTT,
GTG, GTT

CodeMT: AAC, AAG, ATA, ACC, GAC, TAC, GCA, GAG,
GTA,ATC, GAT,ATT,GCC,CTC,GGC,GTC,GCT, TTC,
GTG,GTT

CodePB: AAC, GAA, ATA, ACC, GAC, TAC, GCA, GAG,
GTA, ATC, ATG, ATT, GCC, CTC, GCG, GTC, CTG,
TTC, GTG, GTT

CodePCA: AAC, AAG, ATA, ACC, GAC, TAC, GCA, GAG,
GTA, ATC, GAT,ATT,GCC,CTC,GCG, GTC,GCT, TTC,
GTG,GTT

CodePCF: ACA, GAA, ATA, CCA, GAC, CTA, GCA, GAG,
GTA,ATC, GAT,ATT,GCC,CTC, GCG, GTC, GCT, CTT,
GTG, GTT

CodePCH: ACA, GAA, ATA, CCA, GAC, CTA, GCA, GAG,
GTA, ATC, GAT,ATT,GCC,CTC, GCG, GTC,GCT, TTC,
GTG, GTT

CodeSLS: ACA, GAA, ATA, CCA, GAC, ACT, GCA, GAG,
GTA, TCA, GAT, ATT, GCC, CCT,GCG, GTC, GCT, TCT,
GGT, GTT

CodeSLT: ACA, GAA, ATA, CCA, GAC, ACT, GCA, GGA,
GTA, TCA, GAT, ATT, GCC, CCT,GGC, GTC, GCT, TCT,
GGT, GTT

CodeTPA: AAC, AAG, ATA, ACC, GAC, TAC, AGC, GAG,
GTA, ATC, ATG, ATT, GCC, CTC, GGC, GTC, CTG,
TTC, GTG, GTT

CodeTPV: AAC, GAA, ATA, ACC, GAC, ACT, GCA, GAG,
GTA,ATC, GAT,ATT, GCC, CTC,GGC, GTC, GCT, CTT,
GGT, GTT

Appendix C. Evolutionary analytical formulas of the
archaeal circular codes

With the denominatob (2.8) and the eigenvalues, of M,
the evolutionary analytical formulaB(X, ¢) of the 15 archaeal
circular codes obtained are

1
P(AG/AP, 1) = 5(50+ 5e2! 4 155" — @77 4 119

+ 181! _ pgh13t + st + 28t _ ghot
+ 2t + ogh22! + ghest _ ghoet + 362‘27')

1
P(HB, 1) = 5(1oo+ 10€?’ + 1065’ + 8e'6' + 246!

+ 6eH0 | 4211 D@2 _ Dl g7
4 38t | ghtof | ghaot 4 gghant
4 8e22 4 12d26")

1
P(MC, 1) = —(100+ 5e'?' 4 30€'s’ + 4¢'e! — !

1169 _ g 1 312 | gy _ ge
+ st + 20d17 — st + 39 + g2t

11362 4 3¢9 _ B2 _ 32
_3d2sl 1 262

1
P(MP, 1) = 5(1oo+ 20€s’ — 267" 4 239" 4 31!

+ 4211t _ pghizt _ ghast + gt + 215t
14619 4 2620 4 6621 4 1662 4 262
— oghest + 428t + 66&2#)

1
P(MSA, 1) = 5(1oo+ 20e?’ + 4 4 35¢'5" 4 4o

— 267" 4 9go' — 2610 | 30eMY g
+ 23t 4 g4t + 35t + 1817 _ ghst
+ 3e?»19t + 2e2»20t + e)\th + 562‘22[ + e?»zst
+ gheat + ghest + og26! _ 262\271)

1
P(MSM, 1) = 5(50+ 1062’ + 4 206" 4 4ete! — 7!

+ 2ot _ ghot + 121! + gt + 215t
+ geh17t _ ghast + 29t + gheot + ehest
43¢0 _ pge)

1
P(MT,t) = 5(1oo+ 20€?’ 4 4 4 35d5" 4 4¢t6! — 2eMT!

+15€9" 4 2¢H10" 4 3061V 12! ghidt
+ 3¢5t + 1217t + st _ gt + 20t
+ g2t + 1122t + et + gheat _ ghost
436 _ 2g2T)

1
P(PB,1) = 5(1oo+ 5e'2! 4 30es’ — 4ehs’ — 37!

+ 186" 4 €110 4 36611 12 | M3 4 3!
+ 10617 4 58l | ghol 4 3l | 1722t
+ 3ghast + gheat _ ghost + g6 + 4@271)

1
P(PCA,1) = 5(1oo+ 152" 4 g4 4 35es! — 3!

+ 136" 4+ 3€M0" 4 3061 4 2612 — M
+€M4  4hst | 12T | pgltel 4!
+ 2620 | 4ghat’ | 1222 g2 Dghest)

1
P(PCF, 1) = 5(100+ 52! 4 30¢s’ — 46! — 37! 4 ot

+24g11 4 5gh2l 4 pghtal y ghial 4 3l
+ Zlém + Zénlgt + e)nzot + e?nzlt + 362»221‘
— 328t _ gheat _ host + 26! + 49_?»277)
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1
P(PCH, 1) = 5(1oo+ 30€'s’ — 2¢M7 4 39’ 4 510
424811 | ggh1et | ghist _ ghaal | gdlast
42117 4 3ghi8t | ghiol _ ghoof y gehoat
— 23t _ pghaat _ pghast Ze?»zat)
1
P(SLS, 1) = 5(1oo+ 52 4 30€s 4 46l — 7!
1089 4 @10 4 3612 4 3¢9 4 3¢
120617 _ g8l | 3 4 g2l 4 13
423t _ 3ghaat _ 3ghast 4 phast 269‘271)
1
P(SLT,t) = 5(5o+ 52! 4 1565 4+ 46l — 7ot — 2ghtof
6 4 3¢4¥ 4 10617 — ghiel | 3
4 et 4 ghast _ e>~24t)
1
P(TPA, 1) = 5(1oo+ 15¢2" — g4 4 25dst _ g7t

+ 249" 260" | 36611 — 2gt2 — 4
+ 2617 A8 2gh1! | 12g22! 22
4 2€25 | ag2el 4 ¢l

1
P(TPV,t) = —(100+ 20€?" + &4 4 35¢'5" + 126
2D

_ 2@91 _ e?»lot + 1862»11! + 362»12! + 382‘131
+ 3615 + 19617 — 2618 4 MY + g2
+ gt _ ghoat _ ghast + gheat _ ghost 4 ge?»zat)
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